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Sof୴ materials can signi୮ୢcantly change their shape and volume when subjected to various stimuli.
Materials with deliberately designed periodic microstructure have long been proved to be character-
ized by properties that may exceed those of the corresponding bulk material. Though traditionally
avoided as modes of failure, mechanical instabilities have recently been exploited to design systems
with novel and tunable functionalities. Interestingly, the studies I conducted during my PhD show
that the combination of sof୴ materials, periodic structures, mechanical instabilities and large defor-
mation give us the opportunity to design materials and structures with enhanced functionality.
In this thesis, I present a systematic study on the response of planar sof୴ functional materials
which use their large deformation and geometric rearrangements to dramatically change their prop-
erties. In particular, I used a combination of experiments and numerical simulations to investigate
the e୭fect of important parameters, such as pore shape, hole arrangement and loading condition-
s. With the fundamental understanding I gained, I developed a novel class of planar sof୴ periodic
materials with enhanced material functionalities such as tunable phononic band-gap, spontaneous
symmetry breaking, chirality ampli୮ୢcation and energy trapping. Remarkably, since the continuous
2D sof୴ and porous structures I studied take advantage of reversible and scale-independent mecha-
nisms, the proposed designs can be applied over a wide range of length scales.
The studies presented here show that by mastering the interplay between the microstructure of
sof୴ periodic structures and their large deformation behavior, novel materials with enhanced func-
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tionalities can be designed, which may result in a generation of switchable devices and inspire new
horizons for materials research.
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buckling pattern is calculated. Then, the buckled pattern of the structure is reconstruct-
ed by connecting individual buckled plates. The color-coded arrows indicate the hand-
edness of the vertices. (b) Results of the buckling analysis for a single supported thin,
elastic plate are plotted in a stability diagram. Upon reaching a critical swelling strain
"cswr, buckling modes of both half and full sinusoids can be achieved by adjusting l=h
(the aspect ratio of the plate), resulting in respectively achiral and chiral patterns up-
on reconstruction of the cellular architecture. The circular black markers and corre-
sponding Roman numbers indicate the aspect ratio l=h of macroscale honeycomb lat-
tices (l = 5mm and t=l = 0:18, see Figure 6.2(a)) that were fabricated and tested to
verify the validity of the analytical model. . . . . . . . . . . . . . . . . . . . . . . 65
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6.2 Veri୮ୢcation of the stability diagram. (a) Buckling patterns of macroscale honeycomb-
s with di୭ferent aspect ratio l=h (t=l = 0:18 and l = 5mm for all samples). The Ro-
man numbers indicate the corresponding marker in the stability diagram (Figure 6.1(b)).
The observed buckling mode (m) is shown below each image. Note that a mixture of
modes is found for geometries lying on the boundary of adjacent regimes. (b)-(d) Buckling-
induced reversible pattern formation in a supported macro-scale honeycomb lattice
(lef୴), macro-scale square lattice (center) and micro-scale honeycomb lattice (right) up-
on rapid swelling. (b) Optical images of original, undeformed structures. (c) For l=h =
2, t=h = 0:37, buckling induces an achiral pattern. (d) For l=h = 3:17, t=h = 0:40,
a chiral pattern is observed. These buckling patterns are in agreement with the analyt-
ical predictions, but multiple domains are observed, whose boundaries are highlight-
ed by the yellow dashed lines. The insets show zoomed-in images of the buckled pat-
terns within the domains (top) and at the domain boundaries (bottom). The color-
coded arrows indicate the handedness of the vertices. . . . . . . . . . . . . . . . . 67
6.3 Uniform pattern formation by controlling nucleation. (a) Time-lapse series showing
a single nucleation event and subsequent slow spreading of a buckling-induced chi-
ral pattern by gradually wetting from a single location. (b) Time-lapse series of the self-
repairing process. The initial defect in the form of few clockwise vertices (blue) is over-
whelmed by the surrounding counterclockwise vertices (red), thus amplifying the chi-
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(c) or chiral (l=h = 3:17, t=h = 0:40) (d) patterns. Zoomed-in images of the buck-
led patterns are shown in the insets; the color-coded arrows indicate the handedness
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6.4 . Memory e୭fect allowing readout, selection and overwriting of the handedness of the
chiral pattern. (a) An example of a rapidly swollen macro-scale square lattice structures,
showing a racemic mixture of lef୴- and right-handed domains. (b) Statistical probabil-
ities of the vertices rotate into right- and lef୴-handed con୮ୢgurations from nine inde-
pendent experiments using di୭ferent samples. The error bar indicates the standard de-
viation of the respective probability. (c) These chiral domains can be selected and am-
pli୮ୢed. For this, we ୮ୢrst map the chiral domains upon rapid swelling. Subsequently
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Introduction
1.1 Sঘএঝ খঊঝ঎ছ঒ঊকজ
Sof୴ materials, such as elastomers and gels, can undergo large deformation in response to diverse
stimuli, including force, voltage, temperature, pH, salinity, and trace amount of enzymes. An elas-
tomer may strain easily more than 100% under an applied force. A gel can absorb a large quantity
of solvent and swell a thousand times its initial volume. From the theoretical point of view, several
1
e୭forts have been devoted to construct constitutive models that accurately describe the macroscopic
mechanical behavior of such materials subjected subjected to ୮ୢnite deformations66,160,185,114,108,48,4.
Figure 1.1: Examples of soft materials: a) Rubber bands arranged to form a sphere (fromAmazon.com); b) A rubber band
highly stretched bymy hand; c)d) Dramatic volume change between the dry and swollen state of a gel 29; e) Hydrogel
largely deformed upon impact 159.
Moreover, an exciting ୮ୢeld of engineering is emerging that uses sof୴ materials to design a new
class of active devices. Intense e୭forts are being made to develop sof୴ materials for applications such
as arti୮ୢcial muscles 133, implantable biomedical sensors 134, organic electronics95,84, sof୴ robots70 and
adaptive optics 183.
1.2 P঎ছ঒ঘ঍঒ঌ Sঝছঞঌঝঞছ঎জ
Materials with signi୮ୢcant porosity, generally termed cellular solids, exhibit properties that di୭fer
from those of their solid counterparts 50 and have a large number of uses in mechanical and thermal
applications. It has also been shown that the response of cellular solids can be enhanced by ratio-
nally designing a periodic microstructure. In fact, periodic porous materials o୭fer novel and unique
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properties, including light weight 137, high energy absorption94, and the ability to control the propa-
gation of both electromagnetic 138, elastic waves 88,103 and heat ୯୳ow 102.
Figure 1.2: Examples of periodic structure: a)light weight structure 137; b)underformed/deformed high energy absorp-
tion periodic structure 94.
1.3 Iগজঝঊঋ঒ক঒ঝ঒঎জ ঊগ঍ কঊছঐ঎ ঍঎এঘছখঊঝ঒ঘগ
Although traditionally instabilities have been viewed as an inconvenience, buckling need not to be
deleterious: buckling plays an important role in the morphogenesis of some plant parts 145,140; the
surface pattern of a dehydrated fruit is dominated by buckling 186; bacteria use buckling to change di-
rection 152. Inspired by nature researchers have recently demonstrated instabilities to be instrumental
in facilitating ୯୳exible electronics78, fabricating micro-୯୳uidic structures79, controlling surface wetta-
bility 82, providing means for micro- and nano-patterning 100 and designing optical micro-devices 23,
guiding cell alignment in tissue matrices 101.
1.4 Cঘখঋ঒গ঒গঐ জঘএঝ খঊঝ঎ছ঒ঊকজ, ঙ঎ছ঒ঘ঍঒ঌ জঝছঞঌঝঞছ঎জ, ঒গজঝঊঋ঒ক঒ঝ঒঎জ ঊগ঍ কঊছঐ঎
঍঎এঘছখঊঝ঒ঘগ
Recently mechanical instabilities in sof୴ planar periodic porous structures have received considerable
attention because of the dramatic pattern transformations they generate 110,189,146. Upon reaching a
critical applied stress, a square array of circular holes in an elastomeric matrix is found to suddenly
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transform into a periodic pattern of alternating, mutually orthogonal ellipses (see Figure 1.3). In-
terestingly, this parallel, cooperative buckling instability - a kind of ”phase transition” from one to
another - have been been demonstrated to be instrumental for the design materials with tunable
properties, including systems with tunable negative Poisson’s ratio 13, phononic 10,71,175 and photon-
ic 87 switches and color displays97.
Figure 1.3: Upon reaching a critical applied deformation, a square array of circular holes in an elastomeric matrix sud-
denly transform into a periodic pattern of alternating, mutually orthogonal ellipses.
1.5 Gঘঊকজ ঊগ঍ জঝছঞঌঝঞছ঎ ঘএ ঝ঑঒জ ঝ঑঎জ঒জ
During my PhD I worked at the intersection of sof୴ materials, periodic structures, instability & large
deformation. In particular, I focused on 2D sof୴ periodic structures and
1. developed an understanding of their non-linear behavior;
2. rationally designed systems that take advantage of their large deformation;
3. demonstrated possible exciting applications such as the design of deployable sof୴ structures,
tunable phononic crystals and energy trapping materials.
To achieve the goals outlined above, I studied:
4
Figure 1.4: Duringmy PhD I studied how soft materials, periodic structures, instability and large deformation can be
combined to design new class of functional materials.
1. the e୭fect of pore shape on the compaction of 2D periodic, sof୴ and porous structures (Chap-
ter 2).
2. the e୭fect of hole arrangements in the design of sof୴ recon୮ୢgurable auxetic/chiral materials
(Chapter 3)
3. principles for designing planar isotropic negative Poisson’s ratio structures (Chapter 4)
4. multiple folding mechanisms in sof୴ periodic structures for tunable control of elastic waves
(Chapter 5)
5. mechanism of buckling-induced reversible symmetry breaking in supported cellular struc-
tures (Chapter 6).
5
6. snap-through instability for the design of shape-recoverable, scale- and rate-independent
energy-absorbing structures (Chapter 7)
6
Thॷ project wॵ a collaboration with J. T. B. Overvelde under the supervॷion
of Pro؟. Katia Bertoldi. I wॵ the equal contribution author on thॷ project. My
role involvॶ experiments, analysॷ and ॵsॷtance in preparation of manॸcript.
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Buckling in 2D Periodic, Soظ and Poroॸ Structurॶ: Eﬀect of Pore Shape. Adv
Mater, 24(17), 2337-2342.
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Compaction Through Buckling in 2D
Periodic, Sof୴ and Porous Structures: E୭fect
of Pore Shape
2.1 Iগঝছঘ঍ঞঌঝ঒ঘগ
Adaptive structures allowing dramatic shape changes o୭fer unique opportunities for the design of
responsive and recon୮ୢgurable devices. Arti୮ୢcial morphing and foldable structures have traditionally
been fabricated using sti୭f structural members connected by mechanical joints 124,28,1,64,86,178, result-
ing in a very challenging manufacturing process at small length scales. In contrast, there are many
examples of sof୴ adaptive structures in nature: mimosa leaves fold when touched 176,123, venus ୯୳ytrap-
s open and close to catch prey44, and mechanical expansion and contraction of the pigment-୮ୢlled
sacks in squids result in dynamic color changes 161. Applying these natural design principles in new
ways could result in a novel class of responsive and recon୮ୢgurable devices. Sof୴ structures where the
folding mechanisms are induced by a mechanical instability may lead to origami materials that can
be easily manufactured over a wide range of length scales. Possible and exciting applications include
active materials for on-demand drug delivery, colorful and recon୮ୢgurable displays and robots that
can squeeze themselves through small openings and into tight spaces.
Sof୴ structures with deliberately designed patterns may signi୮ୢcantly change their architecture
in response to diverse stimuli72,149, opening avenues for recon୮ୢgurable devices that change their
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shape to respond to or alter their environment. Two-dimensional periodic porous structures recent-
ly attracted considerable attention because of dramatic transformations of the original geometry
observed as the result of mechanical instabilities 110,189,147. Upon reaching a critical applied stress, a
square array of circular holes in an elastomeric matrix is found to suddenly transform into a periodic
pattern of alternating, mutually orthogonal ellipses (see Fig. 2.2A). This behavior has been demon-
strated to provide opportunities for the design of materials with tunable negative Poisson’s ratio 14,
phononic switches71 and reprogrammable colorful displays 87. However, so far only the response of
structures with circular and elliptical holes has been investigated and the e୭fect of the pores shape on
the structural response has not been explored yet.
Shape plays an important role in the design and performance of materials and engineering de-
vices. Computer analysis - known as shape and topology optimization 37,9,61 - is performed routinely
in an e୭fort to identify optimal shapes to improve a certain performance under some constraints. In
this study we will investigate both numerically and experimentally the e୭fect of pore shape on the
non-linear response of a square array of holes in a sof୴ matrix. The hole shape is found to provide a
convenient parameter to control attractive features of sof୴ porous systems, such as their compaction
(quanti୮ୢed as change of structure planar area divided by original area) and negative Poisson’s ra-
tio (although the Poisson’s ratio is rigorously de୮ୢned in the framework of linear elasticity, here we
extend the concept to ୮ୢnite elasticity and use it to quantify the lateral contraction/expansion of
the material.). Our results show that the pore shape can be used e୭fectively to design material with
desired properties and pave the way for the development of a new class of sof୴, active and recon୮ୢg-
urable devices over a wide range of length scales.
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2.2 M঎ঝ঑ঘ঍জ
2.2.1 D঎এ঒গ঒ঝ঒ঘগ ঘএ ঙঘছ঎ জ঑ঊঙ঎জ
Here, we focus on holes with four-fold symmetry and make use of Fourier series expansion to de-
scribe their contour as
x1 = r(θ)cosθ; x2 = r(θ)sinθ; (2.1)
with r(θ) = r0 [1+ c1cos(4θ) + c2cos(8θ)] ;
where 0  θ  2π and three parameters have been introduced to control the pore size (r0) and
shape (c1 and c2). While c1 = c2 = 0 in Equation 2.1 provides a description of a circle of radius r0,
by varying c1 and c2 a variety of shapes can be obtained, as shown in Figure 2.1. Thus, in terms of
optimization, c1 and c2 represent a 2D design space which allows for a systematic study of the e୭fect
of shape on the compaction of the structures.
Figure 2.1: Left: Shapes obtained using Eqn. 2.1 and c1=c2=-0.3:0.1:0.3, while keeping r0 constant. Right: Representa-
tive volume elements (RVEs) for the three shapes considered in this work, deﬁned by (φA; cA1 ; cA2 ) = (0:46; 0; 0),
(φB; cB1 ; cB2 ) = (0:47; 0:11; 0:05) and (φC; cC1 ; cC2 ) = (0:44; 0:21; 0:28)
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To clearly identify the e୭fect of shape on the material response, we focus on a speci୮ୢc arrangement
of the pores and consider holes arranged on a square array, so that r0 is related to the porosity of the
structure φ through
r0 =
L0
p2φp
π(2+ c21 + c22)
; (2.2)
with L0 denoting the center-to-center distance between neighboring holes in the undeformed
con୮ୢguration. Note that, to preserve the structural integrity, c1 and c2 have to be chosen such that
0  x1  L0=2 and 0  x2  L0=2.
While the results of an extensive numerical study on the e୭fect of c1 and c2 on the non-linear mate-
rial response are reported by Overvelde et al 118, here we will focus on two shapes showing qualitative
and quantitative remarkably di୭ferent behaviors, highlighting the important role played by the pore
shape. The response of a sof୴ structure with circular holes de୮ୢned by (φA; cA1 ; cA2 ) = (0:46; 0; 0)
is compared to that of structures with pores de୮ୢned by (φB; cB1 ; cB2 ) = (0:47; 0:11; 0:05) and
(φC; cC1 ; cC2 ) = (0:44; 0:21; 0:28) (see Fig. 2.1). Note that the slight variation in porosity between
the three structures is related to limited accuracy during the fabrication process.
2.2.2 Mঘ঍঎ক঒গঐ ঊগ঍ Aগঊকঢজ঒জ
Physical and numerical models of elastomeric structures consisting of 8x8 unit cells (or representa-
tive volume elements, RVEs) arranged on a square array were built as shown in Figs. 2.2(a) and (d).
Eডঙ঎ছ঒খ঎গঝ
We used rapid prototyping techniques to fabricate the samples made out of a sof୴ silicone-based
rubber. Molds were fabricated using laser-cutting. Each mold comprised a base, four lateral walls
and hundred spines to shape the contour of the pores. All parts were laser-cut from acrylic plates by
a VersaLaser system and assembled together. Spines with desired thickness were fabricated stacking
11
several layers of acrylic plates and were inserted into the base using a hexagonal shaped key to orient
them. Each mold comprised a 10  10 square array of holes with center-to-center spacing L0 =
10mm. The mold was open to the air, and the casted mixture(Vinylpolysiloxane from Zhermack.
Inc.) was allowed to set at room temperature for 20 minutes. Af୴er demolding, the side walls were
cut from the sample, leaving seven columns of seven holes, ୯୳anked by a column/row of seven semi
holes on either sides (Fig. 2.2). The specimens for structures A, B and Cmeasured 8080 14:5mm,
80 80 18:5mm, 80 80 15:5mm, respectively. The porosity of three specimens was measured
as φA = 0:46, φB = 0:47 and φC = 0:44.
The ୮ୢnal structures comprise a square array of 8x8 holes and to reduce the boundaries e୭fect the
RVEs closest to all boundaries are cut in half. All structures are measured to have a center-to-center
distance between neighboring holes L0 = 10mm. was used to fabricate the structures; uniaxi-
al tension test performed on the bulk material revealed that its response up to a stretch of 2 is well
captured using an incompressible Neo-Hookean model, with Young’s modulus E = 190kPa.
The structures were then compressed at constant speed of 20 mm/min, while a video was captured
and recorded by a high-resolution digital camera facing the specimen. During the tests out-of-plane
buckling was prevented holding the specimens with a back plate). (more details of the manufactur-
ing and experimental procedures are given inMaterials and Methods
S঒খঞকঊঝ঒ঘগ
To fully understand the e୭fect of pore shape on the material response, numerical simulations were
performed using the non linear ୮ୢnite element code ABAތUS/Explicit. Triangular, quadratic plane
strain elements (ABAތUS element type CPE6M) were used and the accuracy of the mesh was as-
certained through a mesh re୮ୢnement study, resulting in a relative mesh density of around 800 to
1250 elements per RVE. An imperfection in the form of the ୮ୢrst buckling mode (determined by a
linear buckling analysis) was introduced in order to exclude the possibility of the simulation to fol-
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Figure 2.2: Experimental (top) and numerical (bottom) images of structures A, B and C at different levels of
applied engineering strain ε = 0; 0:125; 0:25.
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low an unstable deformation-path. ތuasi-static conditions were ensured by monitoring the kinetic
energy and introducing a small damping factor. In the simulations clamped conditions between the
specimen and the horizontal ୮ୢxtures were assumed to simplify the non-adhesive frictional boundary
conditions occurring in the experiment.
2.3 R঎জঞকঝজ
All the three structures were uniaxially compressed in vertical direction ensuring quasi-static con-
ditions and representative pictures taken during the tests at di୭ferent level of applied compressive
engineering strain ε are presented in Fig. 2.2, showing excellent agreement between experiments and
simulations. First, we observe that when a critical value of the compressive strain is reached, buck-
ling occurs, leading to rapid and dramatic changes of the material microstructure. As can be clearly
seen in Figs. 2.2(b) and (e) at a strain ε =  0:125 all three structures have buckled. Remarkably,
the shape of the holes is found to strongly a୭fect the instability. In structures A and B the critical in-
stability is characterized by a wavelength equal to 2L0 in both vertical and horizontal direction and
leads to the formation of a checkerboard pattern (see Figs. 2.2(b) and (e)). By contrast, a buckling
mode with a wavelength equal to the size of the sample is observed in structure C, reminiscent of the
twinning observed in austenite to martensite phase transformations in shape memory alloys89.
Once formed, the new pattern becomes further accentuated for increased values of the applied
strain, as can be seen in Fig. 2.2(c) and (ૄ). Remarkably af୴er unloading, the initial shape of the holes
was always fully recovered regardless of the amount of applied deformation. Moreover, close inspec-
tion of Fig. 2.2 reveals that the hole shape not only a୭fects the buckling of the structures, but also
attractive features such as their lateral contraction and compaction. In structures A and B complete
closure of the pores and a signi୮ୢcant lateral contraction is observed at ε =  0:25, leading to a folded
state characterized by an area reduction ofv 40%. By contrast, a signi୮ୢcantly lower area change at
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ε =  0:25 is found in structure C, highlighting the important role played by microscopic instabil-
ities (i.e. instabilities with wavelengths that are of the order of the size of the microstructure) in the
design of novel, sof୴ and foldable systems. Finally, comparison of the pattern in structures A and B
at ε =  0:25 clearly shows that circular holes do not lead to optimal compaction; an optimized fold-
ed con୮ୢguration that minimized the openings is found in structure B, demonstrating the signi୮ୢcant
e୭fect that the pore shape has in the design of foldable sof୴ structures.
A more quantitative comparison between the response of the structures investigated in this paper
can be made by inspecting the evolution of stress, negative Poisson’s ratio and compaction moni-
tored during both experiments and simulations. Figure 2.3(a) presents the evolution of the nomi-
nal stress S (calculated by dividing the total applied force by the initial cross-sectional area) as func-
tion of the applied engineering strain ε (calculated as change of structure height divided by original
height). For all three structures we observe a behavior typical for cellular solids with three distinct
regimes 50: a linear elastic regime, a stress plateau following thereaf୴er, and densi୮ୢcation by further
compression. The departure from linearity is a result of buckling and corresponds to a sudden trans-
formation in the periodic pattern as shown in the snapshots of deformed con୮ୢgurations at di୭ferent
levels of strain (Fig. 2.2). Eventually, at high strains, the holes collapse su୭୮ୢciently for their boundary
to touch, giving rise to the ୮ୢnal steep portion of the stress-strain curve. Although all our structures
are characterized by a very similar initial elastic response, their departure from linearity is well sepa-
rated and it is found to strongly depend on the pore shape.
It is surprising to observe that the least porous structure (i.e. structure C) is characterized by the
lowest buckling stress. This observation clearly con୮ୢrms that the buckling observed in structures
A and B is di୭ferent in nature from that of structure C and that the shape of the holes has a strong
e୭fect on mechanical instability. While structures A and B are characterized by microscopic insta-
bilities, a macroscopic instability (i.e. instability with a much larger wavelength than the size of the
microstructure) is observed in structure C.
15
Figure 2.3: (a) Experimental and numerical stress-strain curves for the three structures. Solid curves correspond to
experiments and dash lines to simulations. (b) Schematic diagram of the central region with 9 RVEs. (c) Evolution of Pois-
son’s ratio ν as a function of local compressive strain εyy for the three structures. Markers correspond to experiments
and continuous lines to simulations. (d) Evolution of compactionψ as a function of εyy for the three structures.
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2.3.1 Pঘ঒জজঘগ’জ ছঊঝ঒ঘ ঊগ঍ এঘক঍ঊঋ঒ক঒ঝঢ
Tomonitor the evolution of the microstructure, we focused on the behavior of the central part
of the sample (nine RVEs) where the response was clearly more uniform and not a୭fected by the
boundary conditions. The vertices of the nine central RVEs were marked with black dots (see Fig. 2.3(b))
and their position was recorded using a high-resolution digital camera and then analyzed by digital
image processing (Matlab). For each RVE, local values of the engineering strain, ε[i;j]xx and ε[i;j]yy , were
calculated from the positions of the markers, x(i;j) and y(i;j), as
ε[i;j]xx = x
(i+1;j) x(i;j)+x(i+1;j+1) x(i;j+1) 2L0
2L0 (2.3)
ε[i;j]yy = y
(i+1;j+1) y(i+1;j)+y(i;j+1) y(i;j) 2L0
2L0 ;
where i; j = 1; 2; 3 and L0 = 10mm denotes the distance between markers in the undeformed
con୮ୢguration. The local values of the engineering strain were used to calculate local values of the
Poisson’s ratio as
ν[i;j] =   ε
[i;j]
xx
ε[i;j]yy
; (2.4)
and of compaction as
ψ[i;j] = A
[i;j]
0  A[i;j]
A[i;j]0
= 1  (1+ ε[i;j]xx )(1+ ε[i;j]yy ); (2.5)
A[i;j] andA[i;j]0 denoting the current and initial area of the [i   th, j   th] RVE. Moreover, since the
material used to fabricate the structures was incompressible and the change in thickness during the
test was found to be negligible
A[i;j]0  A[i;j]0;p = A[i;j]  A[i;j]p ; (2.6)
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A[i;j]0;p andA
[i;j]
p denoting the area of the pores within [i  th, j  th] RVE in the initial and deformed
con୮ୢguration, respectively. Combining Eqns. 2.5 and 2.6 a relation between compaction and porosi-
ty of the [i  th, j  th] RVE is obtained as
ψ[i;j] = 1  1  φ
[i;j]
0
1  φ[i;j] ; (2.7)
where φ[i;j]0 = A
[i;j]
0;p =A
[i;j]
0 and φ[i;j] = A[i;j]p =A[i;j] denote the initial and current porosity of the
considered RVE. Then the ensemble averages εyy =< ε[i;j]yy >, ν =< ν[i;j] >,ψ =< ψ[i;j] > for the
nine central RVEs under consideration were computed.
The evolution of the Poisson’s ratio ν as function of the local engineering strain εyy is presented in
Fig. 2.3(c). The di୭ference between structure C and structures A and B is striking; while in structures
A and B noticeable lateral contraction induced by buckling is observed, eventually leading to nega-
tive values of Poisson’s ratio, the Poisson’s ratio in structure C is only marginally a୭fected by defor-
mation and buckling. Moreover, it is interesting to observe that the lateral contraction in structure B
is remarkably larger than that observed in structure A, leading to larger negative values of Poisson’s
ratio.
The evolution of the compactionψ for the three structures (Fig. 2.3(d)) shows similar features
to that of the Poisson’s ratio. Microscopic instabilities in structure A and B are found to lead to a
signi୮ୢcant increase in compaction, revealing the important role played by buckling in the design
of novel sof୴ foldable systems. As clearly shown in Figs. 2.2 and 2.3, using mechanical instabilities
and di୭ferent pore shapes, materials and devices can be designed capable of dramatic area and shape
change in response to an external stimulus, opening avenues for novel active and sof୴ foldable struc-
tures.
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2.4 D঒জঌঞজজ঒ঘগ
Our results demonstrate the important role of the shape of the pores on the response of 2D porous
structures. We reveal that the shape of the pores can be e୭fectively used to tune their lateral contrac-
tion and compaction. To fully unravel the e୭fect of the shape of the holes on the physical character-
istics of the structures, we proceed by systematically investigating the e୭fect of porosity φ on their
response. Since our results clearly show that the ୮ୢnite element simulations were able to accurately
reproduce the experimental results, we now investigate numerically the response of structures char-
acterized by porosity φ ranging between 0.4 and 0.5. Note that smaller values of porosity would fa-
cilitate macroscopic instability 14, leading to structures characterized by limited compaction. On the
other hand, higher levels of porosity would lead to structures characterized by very thin ligaments,
making them fragile.
In Fig. 2.4(a) the evolution of the initial elastic modulus E, normalized by the Young’s modu-
lus of the bulk material E, is reported as a function of the porosity φ. The pore shape is found to
strongly a୭fect E=E; structures B and C both show an initial elastic modulus signi୮ୢcantly lower
than structure A and similarly we may expect to exploit the pore shape to design structures with
sti୭fer initial elastic response.
Focusing on the non-linear response of the structures, Fig. 2.4(b) shows the buckling strain εcr for
the three structures as a function of φ. Over the explored range of porosity, we found that structures
A and B are always characterized by microscopic modes, while for structure C a macroscopic mode
is observed. This di୭ference is re୯୳ected by the di୭ferent dependence of εcr by φ: for structure C εcr in
only marginally a୭fected by φ, while it shows a much stronger dependency for structures A and B.
Finally in Figs. 2.4(c) and (d) we investigated the e୭fect of porosity on lateral contraction and
compaction at a ୮ୢxed local strain εyy=-0.2. Structure C is found to be characterized by a limited com-
paction over the entire range of porosity explored in this study. Di୭ferently, we observe a signi୮ୢcant
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Figure 2.4: Results of the numerical investigation on the effect of the porosity φ for the three structures. (a) Effective
modulusE=E. (b) Critical strain εcr. (c) Poisson’s ratio ν at a local strain εyy =  0:2. (d) Compactionψ at a local strain
εyy =  0:2.
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increase of ν andψ in structures A and B with increased values of porosity. Moreover, the result-
s clearly show the superior response of structure B in terms of compaction and lateral contraction
over the entire range of porosity. More precisely, at a given level of porosity the negative Poisson’s
ratio and compaction for structure B are found to be more than 20% larger than those of structure
A. Thus the numerical results strongly con୮ୢrm the important e୭fect of pore shape both on the ini-
tial and non-linear response of the structures and demonstrate that shape can be exploited to ୮ୢne
tune their mechanical response.
2.5 Cঘগঌকঞজ঒ঘগ
We have shown that cellular solids, which comprise a solid matrix with a square array of holes, open
avenues for the design of novel sof୴ and foldable structures. Unlike many other examples of fold-
able structures, our system does not contain rigid links, but comprises continuous 2D sof୴ and
porous structures and takes advantage of mechanical instabilities, allowing the actuation to be fast,
reversible and applicable over a wide range of length scales. Our results demonstrate that by sim-
ply changing the shape of the holes the response of porous structure can be easily tuned and sof୴
structures with optimal compaction can be designed. Surprisingly, we show that circular holes do
not lead to optimal response and that the compaction of the system can be signi୮ୢcantly improved
through a careful design of the pore shape. The insights gained by performing a numerical para-
metric exploration serve as an important design guideline in fabricating practical materials towards
applications.
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3
Harnessing instabilities for design of sof୴
recon୮ୢgurable auxetic/chiral materials
3.1 Iগঝছঘ঍ঞঌঝ঒ঘগ
Mechanical instabilities are not always deleterious though they are conventionally regarded as failure
modes. Because of the large deformation and dramatic shape changes that accompany them69,187,
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mechanical instabilities in elastic structures provide opportunities for designing responsive materials
capable of reversibly switching between two di୭ferent con୮ୢgurations with applications in sensors,
micro୯୳uidics, bioengineering, robotics, acoustics and photonics 22,67,83,141,71,182. In particular, instabil-
ities in periodic porous structures comprising of square and triangular arrays of circular holes have
been found to lead to the transformation of the pores in ordered arrays of high-aspect ratio (almost
closed) ellipses 110,189,146 and have been demonstrated to be instrumental for the design of phononic
switches71, color displays97 and materials with unusual properties such as large negative Poisson’s
ratio 117,14. However, to design the next generation of responsive and recon୮ୢgurable materials and
devices that take advantage of the dramatic changes in geometry induced by instabilities, the e୭fect
of pore shape and lattice topology on the response of the system need to be fully understood. While
it has been recently shown that the pore shape has a strong e୭fect both on the onset of instability and
on the postbuckling behavior 117, there has been no systematic study on the e୭fect of the hole arrange-
ment. So far the selection of the architecture has been guided by intuition and buckling has been
exploited as a folding mechanism only in square and triangular arrays of holes 110,71,97,117,14,149.
Here, we ୮ୢrst identify possible periodic distributions of mono-disperse circular holes where buck-
ling can be exploited to reversibly switch between expanded (i.e. with circular holes) and compact
(i.e. with elongated, almost closed elliptical holes) periodic con୮ୢgurations. Then, we con୮ୢrm the
validity of our ୮ୢndings through a combination of experiments and numerical simulations. While
two of these four con୮ୢgurations have been previously reported 110,12,189, the other two are newly dis-
covered. Remarkably, in these two new con୮ୢgurations elastic buckling not only can be exploited
to design materials with negative Poisson’s ratio(also known as auxetic material), but also acts as a
reversible chiral symmetry-breaking mechanism, enabling the reversible switch between the initial
nonchiral and the buckled chiral pattern. Furthermore, since the proposed folding mechanism ex-
ploits mechanical instabilities, our study opens avenues for the design of recon୮ୢgurable materials
over a wide range of length scales.
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3.2 I঍঎গঝ঒এ঒ঌঊঝ঒ঘগ ঘএ ঙঘঝ঎গঝ঒ঊক ঑ঘক঎ ঊছছঊগঐ঎খ঎গঝজ
We start by ୮ୢnding periodic monodisperse circular hole arrangements in plates where buckling can
be exploited as a mechanism to reversibly switch between undeformed/expanded and deformed/compact
con୮ୢgurations. Therefore, we require that the instability does not only reduce the symmetry, but al-
so leads to the transformation of the circular holes into elongated (almost closed) ellipses. Inspired
by recent work on buckling of spherical structured shells, where hole arrangements were system-
atically explored through polyhedra 141, here we investigate the hole arrangements by considering
geometric constraints on the tilings (i.e., tessellations) of the 2D Euclidean plane.
Figure 3.1: Geometric compatibility for the arrangement of circular holes on the porous structures, restricted to four
speciﬁc conﬁgurations (shown in each row). (A) Tilings. (B) Expanded undeformed porous structures. (C) Compact
porous structures, which are buckled under uniaxial compression. The green-shaded regions in (B) and (C) denote the
unit cell in the undeformed and deformed conﬁgurations, respectively.
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In order for all the monodisperse circular holes to close through buckling of the ligaments, the
plates should meet the following requirements: (a) the center-to-center distances of adjacent holes
are identical, so that all the ligaments are characterized by the same minimumwidth and under-
go the ୮ୢrst buckling mode in an approximately uniformmanner; (b) there is an even number of
ligaments around every hole, so that the deformation induced by buckling leads to their closure.
Mathematically, these geometric constraints can be rephrased as: the skeleton of the porous struc-
ture should (a’) be a convex uniform tiling of the 2D Euclidean plane (which are vertex-transitive
and have only regular faces) (b’) with an even number of faces meeting at each vertex. Focusing on
convex uniform tilings (i.e. Platonic and Archimedean tilings) where all the vertices are the same,
so that all the holes deform similarly, we ୮ୢnd that there are only four tessellations which meet the
above requirements: square tiling, triangular tiling, trihexagonal tiling and rhombitrihexagonal
tiling (see Fig. 3.1-A). Note that these tilings can be fully described by their vertex ୮ୢgure (i.e. a se-
quence of numbers representing the number of sides of the faces going around the vertex): 4:4:4:4
for the square, 3:3:3:3:3:3 for the triangular, 3:6:3:6 for the trihexagonal and 3:4:6:4 for the rhom-
bitrihexagonal tiling. The corresponding porous structures are then obtained by placing a circular
hole at each vertex of the tiling (Fig. 3.1-B & Chapter B. To help us refer to to these four periodic
porous structures, hereaf୴er we use the vertex ୮ୢgure of the corresponding tiling to denote them, as
indicated in Fig. 3.1-B. Fig. 3.1-C shows the compact/folded con୮ୢgurations of the porous structures,
which are obtained through ୮ୢnite element (FE) buckling analysis under uniaxial compression. They
clearly show that all the ligaments in the structures undergo the ୮ୢrst buckling mode uniformly. The
instability is found not only to change the planar symmetry group of the structures (i.e. for 4.4.4.4
from p4m to p4g, for 3.3.3.3.3.3 from p6m to pgg, for 3.6.3.6 from p3m1 to p3, and 3.4.6.4 from p6m to
p6), but also to lead to closure of the holes and compaction of the structures. It is worth noting that
the same compact patterns can also be predicted using continuum elasticity theory and modeling
each buckled elliptical hole as a dislocation dipole that interacts elastically with all the other dipoles
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in the system 105 (see Chapter B).
3.3 Eডঙ঎ছ঒খ঎গঝ ঊগ঍ জ঒খঞকঊঝ঒ঘগ খ঎ঝ঑ঘ঍জ
Guided by our analysis, we built physical and numerical models of all four porous structures (see
Fig. 3.2-A). The structures are characterized by an initial void-volume-fractionψ4:4:4:4 = ψ3:6:3:3:6 =
ψ3:4:6:4 = 0:49 andψ3:3:3:3:3:3: = 0:48 (ψ = total hole area/total area). Note that the slight vari-
ation in porosity between the four structures is related to limited accuracy during the fabrication
process. The samples for the experiments were fabricated using silicone rubber with Young’s modu-
lus E = 0:9MPa and a mold-casting process with molds prepared by 3D rapid prototyping. In all
the structures, the holes are characterized by radius r = 4mm and a large out-of-plane thickness is
employed to avoid out-of-plane buckling. Uniaxial compression tests were performed on a standard
quasi-static loading frame under displacement-control (see Supporting Information for details on the
experimental setup). On the numerical side, simulations were performed using the non-linear Finite
Element(FE) code ABAތUS/Standard. Plane strain conditions were assumed and the behavior of
the silicone rubber used in the experiments was captured using the Yeoh hyperelastic model 185. U-
niaxial compression tests were simulated by imposing vertical displacements at the top face, while
keeping all other degree of freedom of both top and bottom faces ୮ୢxed (see Supporting Information
for details on the FE simulations).
3.4 D঒জঌঞজজ঒ঘগ
Representative pictures taken during the tests at di୭ferent levels of nominal strain ε (calculated as
change of height divided by the original height) are presented in Fig. 3.2, showing an excellent agree-
ment between experiments and FE simulations. At small nominal strains, the holes are observed
to deform uniformly (see Fig. 3.2-B). However, when a critical value of applied nominal strain is
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Figure 3.2: Numerical (left) and experimental (right) images of all four structures (4.4.4.4, 3.3.3.3.3.3, 3.6.3.6 and 3.4.6.4)
at different levels of deformation: (A) ε = 0:00, (B) ε =  0:07, (C) ε =  0:15 and (D) ε =  0:21. All conﬁgurations
are characterized by an initial void-volume-fractionψ  0:5. Scale bars: 20mm.
reached, the thin ligaments between the holes start to buckle in a uniformmanner. Eventually, at
ε =  0:15 (Fig. 3.2-C), a distinctive buckled pattern is observed in the central part of the samples,
only marginally a୭fected by the boundary conditions. Finally, the buckled pattern becomes further
accentuated for larger values of applied strain, leading to the formation of a periodic array of elon-
gated, almost closed ellipses, as shown in Fig. 3.2-D for ε =  0:21. Since the specimens are made
of an elastomeric material, the process is fully reversible and repeatable. Upon release of the applied
vertical displacement, the deformed structures recover their original con୮ୢgurations.
Interestingly, Fig. 3.2-C and 3.2-D clearly shows that the porous structures 3:6:3:6 and 3:4:6:4
buckle into a chiral pattern, while the initially expanded con୮ୢgurations are non-chiral. Therefore, in
these two systems buckling acts as a reversible chiral symmetry breaking mechanism. Despite many
studies on pattern formation induced by mechanical instabilities 149, relatively little is known about
the use of buckling as a reversible chiral symmetry breaking mechanism. Although several process-
es have been recently reported to form chiral patterns 34,125,41,58,99, all of these work only at a speci୮ୢc
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length-scale, preventing their use for the formation of chiral structures over a wide range of length s-
cales, as required by applications. Furthermore, most of these chiral symmetry breaking processes are
irreversible 34,125,41 and only few systems have been demonstrated to be capable of reversibly switch-
ing between non-chiral and chiral con୮ୢgurations 58,99. Remarkably, since the mechanism discovered
here exploits a mechanical instability that is scale independent, our results raise opportunities for
reversible chiral symmetry breaking over a wide range of length scales.
4:4:4:4 3:3:3:3:3:3 3:6:3:6 3:4:6:4
E=E (Exp) 0:361 0:245 0:144 0:227
E=E (Sim) 0:373 0:254 0:145 0:234
εcr (Exp)  0:090  0:187  0:112  0:107
εcr (Sim)  0:083  0:169  0:111  0:097
Figure 3.3: (A) Experimental and numerical stress-strain curves for the four structures. S denotes the nominal stress
(calculated as force divided by the cross -sectional area in the undeformed conﬁguration). Dashed lines correspond to
experiments and solid lines to simulations. Note that for ε <  0:20 the porous structure 4.4.4.4. shows a stiffening
behavior due to densiﬁcation. A similar response is observed also for the other three structures, but for larger values of
applied strain ε.(B) Table summarizing themechanical properties of the four periodic structures measured from experi-
ments and simulations.
Both experiments and simulations reported in Fig. 3.2 clearly indicate that the onset of instabil-
ity is strongly a୭fected by the arrangement of the holes. A more quantitative comparison between
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the response of the structures investigated in this paper can be made by inspecting the evolution of
stress during both experiments and simulations (see Fig. 3.3). Although all structures are character-
ized by roughly the same porosity, the hole arrangement is found to strongly a୭fect both the e୭fective
modulus E (calculated as the initial slope of the stress-strain curves reported in Fig. 3.3) and the crit-
ical strain εcr (calculated as the strain at which the stress-strain curves reported in Fig. 3.3 plateau),
demonstrating that through a careful choice of the architecture materials with the desired response
can be designed.
Finally, a feature that is clear in Fig. 3.2 is that af୴er instability the lateral boundaries of three sam-
ples (i.e. 4.4.4.4, 3.6.3.6.and 3.4.6.4) bend inwards, a clear sign of negative Poisson’s ratio90,38. To
quantify the lateral contraction (and thus the negative Poisson’s ratio) of the porous structures, we
investigate the evolution of the microstructure during both experiments and simulations. The phys-
ical samples were marked with black dots (see Fig. 3.2) and their position was recorded using a high-
resolution digital camera and then analyzed by digital image processing (MATLAB). We focused on
the central part of the samples where the response was clearly more uniform and marginally a୭fected
by the boundary conditions. For each structure we constructed several parallelograms connecting
the markers in the central part of the sample (see Figs. 3.2-A and 3.4-A and Supporting Information
for details) and monitored their evolution. For each parallelogram, local values of the engineering
strain εxx and εyy were calculated from the positions of its vertices at each recorded frame t as
εxx(t) = (x4(t) x3(t))+(x2(t) x1(t))2jL034j   1; (3.1)
εyy(t) =
(y1(t) y3(t))+(y2(t) y4(t))
2jL013j cosθ   1; (3.2)
where (xi; yi) denote the coordinates of the i-th vertex of the parallelogram, j L034 j and j L013 j
are the norm of the lattice vectors spanning the parallelogram in the undeformed con୮ୢguration (see
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Fig. 3.4-A) and θ = arccos L
0
34L013
jL034jjL013j . The local values of the engineering strain were then used to
calculate local values of the Poisson’s ratio as
ν(t) =   εxx(t)εyy(t) ; (3.3)
and
νinc(t) =   εxx(t+ Δt)  εxx(t)εyy(t+ Δt)  εyy(t) : (3.4)
Note that ν characterizes the lateral contraction/expansion of the structure with respect to the ini-
tial/undeformed con୮ୢguration. Di୭ferently, νinc quanti୮ୢes the lateral contraction/expansion with
respect to the deformed con୮ୢguration induced by an increment in the applied strain Δε and allow
us to describe the Poisson’s ratio of a material that operates around a pre-deformed state. Finally, the
ensemble averages εxx =< εxx >, εyy =< εyy >, ν =< ν >, and νinc =< νinc > for the central
parallelograms under consideration were computed.
On the numerical side, to verify that the values of ν and νinc calculated from the experiments were
not a୭fected by the boundary conditions, we considered in୮ୢnite periodic structures and investigated
the response of representative volume elements (see insets in Fig. 3.4-B) using periodic boundary
conditions (see Supporting Information for details). The evolution of the macroscopic Poisson’s ratio
was then obtained from simulation using eqns. B.5 and B.6, in this case with εxx and εyy denoting
the macroscopic component of the strain.
The evolution of the Poisson’s ratio ν and νinc as function of the local engineering strain εyy is pre-
sented in Fig. 3.4. As expected, all the structures are characterized by initially positive values of ν and
νinc. However, as previously observed for a square array of circular holes 117,14, the dramatic pattern
transformation introduced by instability strongly a୭fects the Poisson’s ratio, leading to enhanced
compaction. Beyond the instability, ν is found to monotonically decrease as a function of εyy in all
the four structures and eventually becomes negative. While ν gradually decrease af୴er instability, νinc
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Figure 3.4: (A) Schematic diagram of the central parallelograms used to compute ν and νinc. (B)Macroscopic Poisson’s
ratio ν and νinc as a function of the local nominal strain εyy for all the four periodic porous structures. Finite element
simulations are performed on inﬁnite periodic periodic structures. Error-bars on experimental curves are standard
deviation of the quantity calculated for multiple parallelograms in the central region(See Supporting Information).
is characterized by two plateau. Before instability setting on, all structure are characterized by a con-
stant and positive value of νinc  0:4. At instability, a rapid transition to a negative value that then
remains constant for increasing values of deformation is observed. More speci୮ୢcally, we ୮ୢnd that
af୴er instability νinc 4:4:4:4   0:95, νinc 3:3:3:3:3:3   0:39, νinc 3:6:3:6   0:78 and νinc 3:4:6:4   0:75.
Therefore, our results reveal that instabilities in the four periodic porous structures considered here
can be exploited to design materials and devices whose response is characterized by large values of in-
cremental negative Poisson’s ratio νinc. The material will exhibit such unusual behavior if pre-loaded
beyond the instability point.
The results reported here clearly show that by carefully choosing the initial architecture, materials
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with unconventional response can be designed. In fact, our study demonstrate that buckling in four
di୭ferent periodic porous structures may be exploited to achieve large negative values of Poisson’s
ratio and two of them exhibit chiral patterns under deformation. Furthermore, while in this study
we focused on the response of structures with ψ ' 0:5, the void-volume-fractionψ can be also
used to ୮ୢne-tune the response of the structures, as revealed by previous studies 14,117. To con୮ୢrm the
robustness of desired buckling phenomena, detailed FE simulations have been conducted to reveal
that for structures with porosity in the rangeψ 2 [0:4; 0:6] buckling always lead to the compact
con୮ୢgurations shown in Fig. 3.2-C (See Supporting Information), demonstrating that the proposed
folding mechanism can be e୭fectively exploited to design a new class of recon୮ୢgurable materials.
3.5 Cঘগঌকঞজ঒ঘগ
In summary, we have identi୮ୢed four periodic distributions of mono-disperse circular holes in pla-
nar elastic structures where mechanical instability can be exploited to reversibly switch between
expanded (i.e. with circular holes) and compact (i.e. with elongated, almost closed elliptical holes)
con୮ୢgurations. Interestingly, in two of these structures (i.e. 3.6.3.6 and 3.4.6.4) the instability can be
exploited to induce the formation of a chiral pattern. Furthermore, in all the structures the pattern
transformation induced by instability is found to lead to large negative values of macroscopic Pois-
son’s ratio. Also, due to the intrinsic characteristics of elastic buckling, our study opens avenues for
the design of novel responsive and recon୮ୢgurable materials and devices over a wide range of length
scales. In particular, recent developments in microscale fabrication open exciting opportunities for
miniaturization of the proposed structures, with potential applications ranging from tunable me-
chanical metamaterials to switchable optics.
Finally we note that the design principles outlined in this paper, which combine concepts of
topology (i.e. tilings) and mechanics (i.e. buckling), represent a powerful tool to design recon୮ୢg-
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urable structures and can be further extended to curved surfaces and 3D structures.
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Planar Isotropic Negative Poisson’s Ratio
Structures
4.1 Iগঝছঘ঍ঞঌঝ঒ঘগ
The Poisson’s ratio (ν) is the ratio of transverse contraction strain to longitudinal extension strain
in the direction of stretching force. Most materials are characterized by a positive Poisson’s ratio
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(ν > 0) and contract in the directions orthogonal to the applied tensile load. However, in the re-
cent years natural materials with negative Poisson’s ratio (also called auxetic materials) have been
discovered such as cubic metals7, zeolites 56, ceramics 153 and silica77. Moreover, rationally designed
geometries and structural mechanisms have also been reported to achieve negative Poisson’s ratio.
Examples include foams with re-entrant ribs90,26, chiral microstructures 136,127,139 and rotating unit-
s 24,47,163,14,107. In all these demonstrations, careful design of the microstructure has led to e୭fective
negative macroscopic Poisson’s ratios (ν < 0), even though the bulk materials have a positive Pois-
son’s ratio. Remarkably, it has been shown that auxetic materials are characterized by enhanced
mechanical properties, such as increased shear modulus, indentation resistance and fracture tough-
ness90,39, and can achieve extremely large strains and shape changes 25.
Most of the proposed auxetic materials are anisotropic93 and exhibit di୭ferent properties depend-
ing on the loading direction. While the anisotropy can result in larger negative values of Poisson’s
ratio 18,166, it also limits the application of auxetic materials, as they need to be carefully oriented dur-
ing operation. In fact, failure to orient the structure may cause the material to exhibit a completely
di୭ferent behaviour from the designed one. Therefore, to enable practical use of auxetic materials in
real applications, it is crucial to design and develop isotropic auxetic materials and structures.
Currently, there are few auxetic materials showing isotropic behavior. These include disordered
systems such as foams90, randomly oriented composite laminates 184, granular materials 132 and com-
posites with randomly distributed inclusions 181,68. Alternatively, to achieve better control and tun-
ability of the Poisson’s ratio, ordered auxetic isotropic systems have been numerically designed, such
as intricate networks of rods, hinges and springs 3, assemblies of ୯୳exible frames and rigid cores 144
and systems of hard cyclic hexamers 179. Moreover, topology optimization has been used to identify
periodic composites with auxetic and isotropic response92. Still, it remains a fundamental challenge
to design isotropic material systems with controllable auxetic behavior and simple manufacturing
process.
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4.2 M঎ঝ঑ঘ঍জ
In this study, we report a new, simple and scalable approach to design and fabricate planar auxet-
ic materials with isotropic behaviour. Our starting points are the following two observations: (i)
a square array of circular voids on elastic sheets can reversibly transforms into mutually orthogo-
nal elongated elliptical voids under compressive stress and vice versa, exhibiting negative Poisson’s
ratio behavior 189,147,149. Periodic arrays of elongated elliptical voids 163 and even elongated cuts 25,47
can exhibit auxetic behaviors without triggering instability; (ii) two-dimensional crystalline lattices
with six-fold or three-fold rotational symmetry are transversely isotropic91,112- i.e. isotropic in their
transverse plane. Inspired by these facts, here we investigate the mechanical response of elastic sheets
with embedded periodic arrays of elongated cuts and focus on the e୭fect of the degree of rotational
symmetry of the pattern. Remarkably, our numerical and experimental results demonstrate that 2D
auxetic materials with isotropic response can be easily realized by perforating a sheet with elongat-
ed cuts arranged to form a periodic pattern with either six-fold or three-fold symmetry. Moreover,
we also show that the auxetic behavior can be easily tuned by varying the length of the cuts and it is
retained even under large levels of applied deformation beyond the limit of small strains.
To demonstrate our approach, we start by studying the mechanical response under uniaxial ten-
sion of elastomeric thin sheets with a kagome (see Fig. 4.1-b) and square (see Fig. 4.1-c) array of e-
longated cuts. The square array of cuts has been already shown to result in auxetic response 163, but
since the pattern has four-fold symmetry we expect the response of the system to be anisotropic. By
contrast, the kagome pattern has six-fold symmetry, so we conjecture its response to be both isotrop-
ic and auxetic. To test our hypothesis we characterize the mechanical response of the systems for
di୭ferent orientations of the cut pattern with respect to the loading direction, as shown in Fig. 4.1-b
and -c for θ ranging between 0 and 45.
We start by performing numerical simulations using the non-linear Finite Element (FE) code
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Figure 4.1: 2D auxetic materials are realized by embedding a pattern of elongated cuts into an elastomeric
sheet. a) Snapshot of a sample with a kagome cut-pattern. To test whether themechanical response of the
system is isotropic, samples with the cut-pattern oriented at different angles θwith respect to the horizontal
direction are tested uniaxially. b) Zoom-in views of the central region of samples with a kagome cut-pattern
for θ = 0, 15, 30, 45. c) Zoom-in views of the central region of samples with a square cut-pattern for
θ = 0, 15, 30, 45. Note that l is the length of cuts, whileL0 denotes the upper bound of l. The represen-
tative volume elements(RVEs) for both cut-patterns are outlined by red dashed lines.
ABAތUS/Standard. In all our analysis the mechanical response of the elastomeric sheet is captured
using an incompressible Neo-Hookean material with initial shear modulus μ0. Since all considered
structures are thin and planar, two dimensional ୮ୢnite-element models are constructed using six-
node, quadratic, plane stress elements (ABAތUS element type CPS6M). The cuts are modelled as
extremely elongated rhombi (with diagonals whose ratio is chosen to be 0.02) and the accuracy of
the FE model is insured by locally re୮ୢning the mesh around the sharp angles of the cuts. To reduce
the computational cost and ensure the response is not a୭fected by boundary e୭fects, we consider
two-dimensional, in୮ୢnite periodic structures using representative volume elements (RVEs – see Fig.
4.2-a and -b) with suitable periodic boundary conditions 12,31. Each model is loaded uniaxially by ap-
plying a macroscopic tensile strain in vertical direction, "yy. The macroscopic Poisson’s ratio, ν, is
then obtained as ν =  "xx="yy, where "xx is the resulting macroscopic strain in horizontal direc-
tion. The degree of anisotropy of each model is then examined by rotating the RVE by an angle θ,
reapplying the tensile strain "yy in vertical direction and recalculating ν. In all our analysis we vary θ
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Figure 4.2: Numerical predictions for the in-plane Poisson’s ratio, ν as a function of the orientation of the cut
pattern with respect to the loading direction. a) Results for the kagome cut-pattern. b) Results for the square-
cut pattern. Results for both small ("yy = 0:001) and large ("yy = 0:1) values of applied strain are reported.
through the range [0   180] at intervals of 3. Finally, we note that the length of the cuts, l, can
vary between 0 and L0, where L0 is the length at which adjacent cuts start touching. In our simula-
tions we vary l=L0 between 0.1 and 0.9.
4.3 D঒জঌঞজজ঒ঘগ
The numerical results for the square and kagome patterns are shown in Fig. 4.2. For each pattern we
report the evolution of the Poisson’s ratio, ν, as a function of the orientation angle, θ, for di୭ferent
values of cut length, l=L0. First, we note that for both patterns νmonotonously decreases from 0:5
to  1 as l=L0 progressively increases. In particular, we ୮ୢnd that ν  0 for l=L0  0:5. Therefore,
our results indicate that ν can be easily controlled by varying the cut-length. Remarkably, the nu-
merical analysis also reveal that the response of the kagome pattern is isotropic, since ν is not a୭fected
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by the orientation of the pattern with respect to the loading. In stark contrast, the mechanical re-
sponse of the square pattern depends on θ and ν is found to be maximum for θ = 45 and 135 and
minimum for θ = 0 and 90. We also ୮ୢnd that for the square pattern the extent of anisotropy is
a୭fected by l=L0 and is particularly accentuated for 0:4 < l=L0 < 0:7. Note that this is the range
of cut-lengths in which we are particularly interested, since for these intermediate values of l=L0 the
cuts can be e୭fectively used to control ν. In fact, for l=L0 < 0:4 the cuts do not a୭fect signi୮ୢcantly
the response of the structure, so that its behavior is similar to that of the homogenous elastic sheet
with ν  0:5. On the other hand, when l=L0 > 0:7 the structure approximates a network of rigid
polygons connected by rotating hinges, whose Poisson’s ratio is known to be 1:0 55. Our results
indicate that as l=L0 approaches 1, even the square tiling behaves in an isotropic way. This is expect-
ed since networks of rigid polygons have a single degree of freedom and, therefore, their response
is not a୭fected by the direction of loading. However, for such large values of l=L0 the integrity and
strength of the structures is severely reduced, limiting their possible applications. Finally, we note
from the results for both an in୮ୢnitesimal strain ("yy = 0:001) and a large strain ("yy = 0:1) (Fig. 4.2)
that ν is not a୭fected by the amount of applied deformation, indicating that the structures remain
auxetic even when largely deformed.
To verify our numerical analysis, we build physical models of the kagome and square patterns.
We start with sheets of natural latex rubber of size 87mm 145mm and thickness 0:32 mm and use a
high speed engraving laser system (Kern Lॵers Systems) to fabricate the periodic array of cuts. In all
our samples the cuts have an approximate width of 300μm and L0 (and therefore, the size of the
RVE) is chosen so that each specimen comprises more than 10 RVEs to reduce the boundary e୭fects.
The cut-length is then determined to achieve l=L0 = 0:3; 0:5 and 0:7. To quantify the degree of
anisotropy of the structures, a series of samples are fabricated with patterns orientated at di୭ferent
angle with respect to the vertical direction (see Figs. 4.1 and 4.3). In particular, by taking advantage
of the symmetry of the cut patterns, we fabricate samples characterized by θ = 0, 7.5, 15, 22.5,
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30, 37.5, 45 and 52.5 for the kagome lattice, while we consider θ = 0, 15, 30 and 45 for the
square lattice.
Uniaxial tensile tests are performed on a standard quasi-static loading frame (Instron 5566) with a
1 kN load cell (Instron 2525-806) in a displacement-controlled manner. The samples are stretched us-
ing two custom-made ୮ୢxtures to enhance gripping. In all the tests a displacement of 15:0mm in verti-
cal direction is applied (corresponding to a strain "yy = 0:1) at a cross-head velocity of 0:15mm=min,
ensuring quasi-static loading conditions. To monitor the evolution of the deformation, small dots
(with diameter< 0:5mm) are engraved to mark the vertices of the RVEs during the cutting step,
as shown in Fig.4.1. The position of the markers is recorded using a high-resolution digital camera
(Nikon D90 SLR) and then analyzed by digital image processing (Matlab). In particular, we focus
on the behavior of nine RVEs in the central part of the samples, where the response is more uniform
and not a୭fected by boundary e୭fects. For each RVE, macroscopic values of the engineering strain,
"
[i; j]
xx and "[i; j]yy were calculated from the positions of the markers. In fact, if we denote with A[i; j],
B[i; j] and a[i; j], b[i; j] the two lattice vectors spanning the RVE in the undeformed and deformed con-
୮ୢgurations, respectively. It follows that (see Chapter C for details)
0BB@"
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[i; j]
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(4.1)
where the components of the lattice vectors in x- and y- directions can be easily calculated from the
positions of the markers. For each RVEmacroscopic values of the Poisson’s ratio are then obtained
as
ν[i; j] =   ε
[i; j]
xx
ε[i; j]yy
; (4.2)
and ୮ୢnally the ensemble average, ν =< ν[i; j] > of the nine central RVEs under consideration is
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Figure 4.3: Comparison between experimental and numerical results. a) Schematic diagram of the central re-
gion with 9 RVEs, which are used to calculate ν. A[i; j] andB[i; j] are the lattice vectors spanning the RVE in
undeformed state, while a[i; j],b[i; j] are the lattice vectors in the deformed state. b) Comparison between
experimental (markers) and numerical results (continuous lines) for the kagome cut- pattern. c) Comparison
between experimental (markers) and numerical results (continuous lines) for the square cut-pattern. Snap-
shots of the samples with θ = 0 and 45 at a tensile strain of "yy = 0:1 are shown on the left.
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computed.
In Fig. 4.3 we report the experimentally measured Poisson’s ratio, ν, as a function of the orien-
tation of the pattern for the kagome and square array of cuts. The experimental results (markers)
are compared to the numerical predictions (continuous lines), showing excellent agreement and
con୮ୢrming the validity of our numerical analysis. Again, we note that the kagome-cut pattern ex-
hibit nearly identical Poisson’s ratio in all loading directions, regardless of the cut-length. By con-
trast, the square cut-pattern exhibits an orientation- dependent Poisson’s ratio, except for short cuts
(l=L0 = 0:3) when the response of the material is similar to that of the homogeneous elastic sheet.
Having demonstrated our method for kagome and square patterns (with 6-fold and 4-fold rota-
tional syssmetry, respectively), we now show that the approach can be generalized to arbitrary cut-
patterns. In particular, in Fig. 4.4 we report experimental and numerical results for a rhombitrihexagonal-
cut pattern, a Y-cut pattern and a Z-cut pattern. Again, we observe the excellent agreement between
all numerical (markers) and experimental (continuous lines) results. As expected, since the rhom-
bitrihexagonal cut-pattern and Y-cut pattern have six-fold and three-fold rotational symmetry,
for these structures the response is found to be isotropic for all values of l=L0 and even at large s-
train levels. Di୭ferently, the Z-cut pattern exhibits strong anisotropy and its Poisson’s ratio for
l=L0 = 0:7 varies from 0:57 to 0:90 when the loading direction changes. This behaviour is
expected since the Z-pattern has two-fold rotational symmetry. Finally, all our results demonstrate
that the cut-length can be e୭fectively used to tune the Poisson’s ratio of the system. Simply by in-
creasing l=L0 = 0:3 to l=L0 = 0:7, the ν is signi୮ୢcantly reduced from 0:3 to  0:6, giving
us the opportunity to easily realize auxetic systems. Therefore, our results con୮ୢrm the robustness
of our approach. By patterning elastic sheets with arrays of cuts, we can not only achieve negative
Poisson’s ratio, but also isotropic behavior by carefully choosing the degree of rotational symmetry
of the pattern.
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Figure 4.4: Comparison between experimental and numerical results. a) Comparison between experimental
(markers) and numerical results (continuous lines) for the rhombitrihexagonal cut-pattern. b) Comparison be-
tween experimental (markers) and numerical results (continuous lines) for the Y-cut pattern. b) Comparison
between experimental (markers) and numerical results (continuous lines) for the Z-cut pattern.
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4.4 Sঞখখঊছঢ
In summary, our ୮ୢndings demonstrate a fundamentally new way of generating isotropic 2Dmate-
rials with negative Poisson’s ratio by embedding periodic arrays of cuts in elastomeric sheets. Inter-
estingly, we showed that Poisson’s ratio of the system can be easily tuned and drastically altered by
varying the length of the cuts, while the isotropy of the system is controlled by the degree of rota-
tional symmetry of the cut-patterns. Combining numerical analysis and experiments, we investigat-
ed the response of ୮ୢve di୭ferent cut-patterns and found that patterns with three- and six-fold sym-
metry result in an isotropic response, while arrays of cuts with two- and four-fold symmetry lead to
anisotropic responses. Remarkably, the systems we have explored can be easily fabricated and have a
robust behavior. We believe that the insights gained in this study can serve as an important guideline
for designing isotropic auxetic materials and structures and provide a simple, practical fabrication
approach for applications.
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Harnessing multiple folding mechanisms in
sof୴ periodic structures for tunable control
of elastic waves
5.1 Iগঝছঘ঍ঞঌঝ঒ঘগ
Porous materials with well-de୮ୢned periodicity are ubiquitous not only in nature, but also in syn-
thetic structures and devices. 50 Periodic porous materials o୭fer novel and unique properties, includ-
ing light weight, 137 high energy absorption,94 and the ability to control the propagation of both
electromagnetic 138 and elastic waves 88,103 and heat ୯୳ow. 102 The properties and functionality of such
materials are generally determined by the deformation mechanisms of the ligaments, which buckle
under compression at relatively low values of strain.
In elasto-plastic porous materials buckling of the beam-like ligaments results in collapse bands
that progress at relatively constant stress, providing an e୭୮ୢcient energy absorbing mechanism. 177,120,121,180,62
However, this deformation process cannot be exploited to dynamically tune the macroscopic re-
sponse of the system, since it is irreversible. By contrast, in periodic porous elastic structures, buck-
ling of the ligaments may trigger dramatic homogeneous and reversible pattern transformation-
s. 110,189 Remarkably, it has been demonstrated that this parallel, cooperative buckling - a kind of
’phase transition’ from one to another microstructure - can be instrumental to design materials with
tunable properties, including systems with tunable negative Poisson’s ratio, 13 phononic 10,71,175 and
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photonic 87 switches and color displays.97
Most of the porous systems studied so far are dual-shaped, since mechanical instability is found
to trigger only one distinct new buckled pattern. Although di୭ferent buckling modes have been
observed in hexagonal honeycombs under biaxial compression depending on the loading condition-
s, 51,50,120,121,27,116 the multiple pattern transformations induced by buckling have never been exploited
to reversibly tune the properties of the system.
Here, we show that the ability to induce the formation of multiple ordered patterns in period-
ic porous elastic structures opens avenues for creating highly tunable systems. First, we develop a
robust framework to identify periodic distributions of circular holes for which buckling and the di-
rection of the applied loading can be exploited to formmultiple folding patterns. Then, we con୮ୢrm
our ୮ୢndings through a combination of numerical simulations and experiments. Finally, we demon-
strate numerically and experimentally that structures with multiple folding mechanisms open av-
enues for the design of highly tunable phononic crystals, whose response is e୭fectively controlled by
both the direction of loading and the magnitude of the applied deformation.
5.2 D঎জ঒ঐগ ঘএ জঘএঝ ঙ঎ছ঒ঘ঍঒ঌ জঝছঞঌঝঞছ঎জ ঠ঒ঝ঑ খঞকঝ঒ঙক঎ এঘক঍঒গঐ খ঎ঌ঑ঊগ঒জখজ
5.2.1 P঎ছ঒ঘ঍঒ঌ গ঎ঝঠঘছঔজ ঘএ ছ঒ঐ঒঍ ঙঘকঢঐঘগজ
To identify periodic porous elastic structures with multiple folding mechanisms, we start by investi-
gating the ୯୳exibility of periodic planar networks built from rigid corner-connected polygons, which
can rotate freely. While a network of connected squares has a single folding mechanism (see Chapter
E), it has been recently shown that in planar networks built from equilateral triangles the number of
folding mechanisms grows with the size of unit cell.76 Here, we focus on the simplest of such tilings
made of triangles - the kagome lattice. In this rigid network the triangles are corner-connected to for-
m hexagonal holes in the undeformed con୮ୢguration and the smallest unit cell consists of only two
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Figure 5.1: Schematic of the basic foldingmechanisms in a rigid kagome network. The basic unit cell for each folding
mechanism is outlined in black. The color of the triangles corresponds to their rotation. a) Modewith a basic cell of size
1 1 ; b) Modewith a basic cell of size 2 1 ; c) Modewith a basic cell of size 4 1; d) Modewith a basic cell of size 2 2;
e) Modewith a basic cell of size 2 2.
triangles (see Fig. 5.1-top).
If we consider a single unit cell (i.e. two corner-connected triangles) as a building block, it is easy
to see that the periodic network has only one folding mechanism, in which all hexagonal holes pro-
gressively reduce to 3 point star-like shapes (see Fig. 5.1-a and Chapter E). However, if we focus on
a representative volume element (RVE) comprising an array of 12 unit cells (i.e. four corner-
connected triangles) another folding mechanism emerges, resulting in a pattern of sheared voids
where the shear direction alternates back and forth from row to row (see Fig. 5.1-b and Chapter E).
Finally, for a RVE consisting of 8 triangles, three other mechanisms are found: one consisting of
alternating rows of sheared and 3 point star-like voids (see Fig. 5.1-c); another characterized by alter-
nating rows of elongated holes oriented in horizontal and vertical direction and at30 with respect
to the vertical direction (see Fig. 5.1-d); and a chiral pattern comprising six highly deformed voids
surrounding an undeformed one (see Fig. 5.1-e).
Additional folding mechanisms can then be identi୮ୢed by considering larger RVEs (see Chapter
E). However, all these mechanisms share the same basic elements found in the patterns shown in
Fig. 5.1. We also note that in all the identi୮ୢed folding mechanisms the triangles are found either to
rotate byα (i.e. by the same amount either in clockwise or anti-clockwise direction, see magen-
ta and cyan triangles in Fig. 5.1) or not to rotate at all (i.e. α = 0, see yellow triangles in Fig. 5.1),
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facilitating the construction of folding mechanisms for large RVEs.
Finally, given the ୮ୢnite size of the elastomeric samples considered in this study, it is worth point-
ing out that we expect only the basic folding mechanisms shown in Fig. 5.1 to be triggered during
loading.
5.2.2 Fছঘখ গ঎ঝঠঘছঔজ ঘএ ছ঒ঐ঒঍ ঙঘকঢঐঘগজ ঝঘ ঌঘগঝ঒গঞঞখ ঙঘছঘঞজ জঝছঞঌঝঞছ঎জ
Having found a planar network built from rigid corner-connected triangles with multiple folding
mechanisms, we then identify the corresponding porous structure. This can be easily done by re-
placing all the hexagonal voids with circular ones, 142 as shown in Fig. 5.2. It is interesting to see that
the outcome of this simple process is a porous structure comprising a periodic array of circular holes
on a triangular lattice. In this continuum structure all the hinges of the original kagome network are
replaced by thin ligaments and we expect these ligaments to buckle during loading.
Although the stability under biaxial compression of similar structures such as hexagonal honey-
combs has been previously studied, 51,50,120,121,27,116 the ability to induce multiple pattern transforma-
tions has never been exploited to design materials and devices with enhanced tunability. In the next
sections we investigate both numerically and experimentally how loading paths with di୭ferent angles
can be exploited to trigger the di୭ferent folding mechanisms shown in Fig. 5.1, enabling the design of
materials with highly tunable responses.
5.3 M঎ঌ঑ঊগ঒ঌজ ঘএ জঘএঝ ঙ঎ছ঒ঘ঍঒ঌ জঝছঞঌঝঞছ঎জ ঠ঒ঝ঑ খঞকঝ঒ঙক঎ এঘক঍঒গঐ খ঎ঌ঑ঊগ঒জখ-
জ
5.3.1 Nঞখ঎ছ঒ঌঊক ঊগঊকঢজ঒জ
We continue by performing ୮ୢnite element (FE) simulations to investigate the patterns induced by
buckling in a triangular array of circular holes in an elastomeric matrix. We focus on a structure char-
49
Figure 5.2: From a rigid networks of triangles to its corresponding continuum structure. All the hinges of the original
kagome network (dashed black line) are replaced by thin ligaments in the continuum structure (shaded in green). The
dotted red line indicates the unit cell of the structure.
acterized by an initial porosityψo = 70ॎ and assume plane strain conditions. The nonlinear ୮ୢnite-
element code ABAތUS/STANDARD is used to deform the structures as well as to investigate its
stability. For all the analyses, 2D ୮ୢnite element models are constructed using triangular quadratic
elements (element type CPE6H in ABAތUS) and the accuracy of the mesh is ascertained through
a mesh re୮ୢnement study. Moreover, the response of the silicone rubber used in the experiments
to cast the samples is captured using the incompressible Neo-Hookean hyperelastic model 115 with
initial shear modulus μ0.
Since the ୮ୢnite-sized specimens are necessarily in୯୳uenced by boundary conditions at the edges,
we focus on the response of the corresponding in୮ୢnite periodic structure and study the response of
rectangular RVEs by applying periodic boundary conditions. 31,12 We investigate the response of the
porous structure under biaxial loading so that the macroscopic deformation gradient F is given by
F = (1+ εxx)ex 
 ex + (1+ εyy)ey 
 ey + ez 
 ez; (5.1)
where εxx and εyy denote the macroscopically applied nominal strains and ex, ey and ez are the
basis vectors of Cartesian coordinates.
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Without loss of generality, we focus our attention to proportional straining paths in principal
nominal strain space. More speci୮ୢcally, we assume that the ratio of the principal nominal strains is
୮ୢxed, namely:
εxx = λ cos θ; εyy = λ sin θ; (5.2)
where λ is the monotonically increasing load parameter and θ is the load path angle. In this study
we consider π < θ < 3π=2 to investigate various biaxial compression loading conditions. To
facilitate the comparison between deformed con୮ୢgurations obtained for di୭ferent values of θ, we
also introduce the areal strain εArea de୮ୢned as 111
εArea =
A A0
A0
= (1+ εxx)(1+ εyy)  1 =
λ(cos θ+ sin θ) + λ2 cos θ sin θ;
(5.3)
A0 andA denoting the area of the RVE in the undeformed and deformed con୮ୢguration, respective-
ly.
To understand the patterns emerging as the result of buckling in the structure, we start by inves-
tigating the stability of the system. Taking the rectangular domain highlighted by red box in Fig. 5.2
as unit cell, we consider RVEs consisting ofm  n cells subjected to periodic boundary conditions.
For a given value of θwe progressively load each RVE and calculate its natural frequency along the
loading path, accounting for the e୭fect of large deformation induced by loading. As an example, in
Fig. 5.3-a we show the results of the stability analysis for an RVE comprising 2  2 unit cells and
loading path angle θ = π. In the undeformed con୮ୢguration (i.e. λ = 0) all eigenvalues ω2 are
positive. However, as λ increases, the eigenvalues associated with each mode gradually decrease and
eventually become negative. The critical loading parameter λcr associated with each mode can be
easily extracted from the data, since it corresponds to the intersection point between each curve and
the horizontal line ω2 = 0. For this speci୮ୢc case, we ୮ୢnd that the lowest critical loading parame-
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ter λcr;1 = 0:0331 is associated with a mode that resembles the folding mechanism shown in Fig.
5.1-d for the kagome network. Here and in the following we refer to this mode as to the X-mode.
The second mode is then triggered at λcr;2 = 0:0357, resulting in a pattern similar to that reported
in Fig. 5.1-b, which we denote as Z-mode. Subsequently, the third and fourth modes are found at
λcr;3 = λcr;4 = 0:0476 consisting of alternating rows of sheared and 3 point star-like voids as that
shown in Fig. 5.1-c. Finally the ୮ୢf୴h mode is triggered at λcr;5 = 0:0665, comprising an array of 3
point star-like voids as that reported in Fig. 5.1-a.
Identical calculations are then repeated for RVEs of di୭ferent sizes and the critical strain of the in-
୮ୢnite periodic structure for the given load path angle θ is then de୮ୢned as the minimum of λcr on all
possible periodic RVEs. In Fig. 5.3-b we report the critical strains for periodic RVEs withm  n cells
for θ = π. The results indicate that the critical loading parameter is minimum for RVEs comprising
an even number of unit cells in both directions and it is associated with the X-mode. Higher λcr is
found for RVEs with an odd number of unit cells either in vertical or horizontal direction, for which
the Z-mode is found to be critical. Therefore, when the structure is compressed with loading path
angle θ = π, we expect the X-mode to be triggered during loading.
Finally, to construct the instability surface we repeat the same calculations for di୭ferent load-
ing path angles θ. We ୮ୢrst note that for all considered values of θ, the X- and Z-mode are always
triggered either as ୮ୢrst or second mode. In Fig. 5.3-c we then plot the critical load parameter asso-
ciated with the X- and Z-mode as a function of θ. The critical load parameter λcr associated with
the X-mode is found to decrease at ୮ୢrst, to reach a minimum at θ = (5=4   1=36)π and then to
progressively increase. Similar behavior is found for the critical loading parameter associated to the
Z-mode, but in this case the minimum occurs at θ = (5=4+ 1=36)π. Interestingly, for θ < 5π=4 the
critical loading parameter λcr associated to the X-mode is always lower than that corresponding to
the Z-mode, so that the X-mode is expected to emerge during deformation for this range of loading
path angles. By contrast, the Z-mode is expected to be triggered when 5π=4 < θ < 3π=2, since
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in this case the lowest critical loading parameter is that corresponding to the Z-mode. Finally, it is
worth noting that both the X- and Z-mode are characterized by the same critical loading parameter
for θ = 5π=4, suggesting that for this speci୮ୢc loading direction a pattern corresponding to a linear
combination of both modes may be triggered.
Next, guided by the stability analysis we conduct a post-buckling analysis on a RVE consisting of
22 unit cells by applying periodic boundary conditions and introducing a geometrical imperfec-
tion with the form of the ୮ୢrst two eigenmodes. In Fig. 5.4-a, -c and -e we report numerical predic-
tions of the pattern evolution for θ = π, 5π=4 and 3π=2 at di୭ferent values of areal strain εArea. Ini-
tially, the circular holes deform gradually and homogeneously. However, a transformation to a strik-
ingly di୭ferent pattern is triggered very early along the loading path (see images at εArea =  0:05)
and the new patterns become further accentuated in shape with increasing strain as seen in the im-
ages at εArea = -0.10, -0.15, -0.20 and -0.25. As predicted by the stability analysis, the structure de-
forms into the X- and Z-mode when θ = π and 3π=2, respectively. However, a new chiral pattern
resembling that reported in Fig. 5.1-e for the kagome network emerges when the structure is com-
pressed equibiaxially (i.e. θ = 5π=4). Interestingly, this chiral pattern does not correspond to one of
the modes predicted by the stability analysis, but it can be obtained as a linear combination of the X-
and Z-mode (see Chapter E).
5.3.2 Eডঙ঎ছ঒খ঎গঝজ
To verify our numerical analysis, we fabricate centimeter scale elastomeric structures comprising
10 12 unit cells and characterized by initial porosityψ0 = 70%, hole diameterD0 =8 mm and out-
of-plane thickness50 mm. The samples for the experiments are fabricated using silicone rubber
(MoldMax 60 from Smooth-On Inc, Young’s modulus E = 2:16 MPa) and a mold-casting process
with molds prepared by 3D rapid prototyping. In-plane biaxial compression tests are performed
using a custom-built testing set-up with four linear stages (see Chapter E).
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Figure 5.3: Numerical study of the instability of a periodic structure withmultiple foldingmechanisms. a) Evolution of
eigenvalues at different levels of compression (loading along θ = π path) and corresponding deformationmodes. The
intersection points of each curve with the horizontal line ω2 = 0 corresponds to the critical loading parameter λcr for
eachmode. b) Critical loading parameter λcr for RVEs consisting ofm n unit cells (loading along θ = π path), where
a unit cell consists of a rectangular domain with two voids. The results indicate that conﬁgurations with even number of
unit cells along the two directions have theminimum critical strain. c) Critical loading parameter λcr associated to the
X-mode (blue line) and Z-mode (green line) as a function of the loading path angle θ.
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Figure 5.4: Numerical and experimental images of the triangular lattice loaded along θ = π (a and b), θ = 5π=4 (c and
d), θ = 3π=2 (e and f) at different levels of deformation. The results show three distinct foldingmechanisms: X-mode
under horizontal compression (i.e. θ = π), Z-mode under vertical compression (i.e. θ = 3π=2) and a chiral mode under
equibiaxial compression (i.e. θ = 5π=4). The deformed shapes from simulation (colored in bright-red and outlined in
white) are superimposed on the experimental pictures showing excellent agreement. For the numerical images, we also
show the normalized VonMises stress distributions in the deformed conﬁgurations.
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Representative pictures taken during the tests at di୭ferent levels of εArea are presented in Fig. 5.4-
b, -d and -f for θ = π, 5π=4 and 3π=2, respectively. We start by noting that there is excellent a-
greement between numerical (Fig.5.4-a, -c and -e) and experimental (Fig. 5.4-b, -d and -ૄ) results. In
particular, the e୭fect of the boundary conditions is found to be negligible and the pattern transfor-
mations induced by instability are remarkably uniform across the samples, so that the behavior of
the ୮ୢnite size sample does not deviate from that of the in୮ୢnite periodic structure investigated nu-
merically. Note that for the tests performed with θ = π and θ = 3π=2, we do not constrain the
deformation in lateral direction, since we ୮ୢnd the lateral strain to be negligible (more speci୮ୢcally, we
୮ୢnd the absolute value of lateral strain to be less than 0:05). Finally, since the specimens are made
of an elastomeric material, the process is fully reversible and repeatable. Upon release of the applied
loading condition, the deformed samples recover their original con୮ୢgurations, suggesting that this
deformation mechanisms can be exploited for the design of materials with tunable properties.
5.4 Hঊছগ঎জজ঒গঐ খঞকঝ঒ঙক঎ এঘক঍঒গঐ খ঎ঌ঑ঊগ঒জখজ ঝঘ ঍঎জ঒ঐগ ঝঞগঊঋক঎ ঙ঑ঘগঘগ঒ঌ ঌছঢজ-
ঝঊকজ
Having demonstrated that multiple folding mechanism can be easily triggered in a triangular array
of circular voids by simply changing the loading path angle θ, in this section we show that the sys-
tem can be exploited to design highly tunable phononic crystals for the control and manipulation of
elastic wave propagation.
Phononic crystals are periodic structures in which Bragg scattering is exploited to e୭fectively ୮ୢlter
elastic waves by the generation of bandgaps - frequency ranges of strong wave attenuation - at wave-
lengths comparable to the unit cell size. 88 Motivated by technological applications such as the design
of waveguides, 80,74,81,156,157,158,171 frequency modulators,74 noise-reduction devices, 36,35,20 and vibra-
tion isolators, 33,19 the e୭fects of both material properties, 17,170,190 and geometry (i.e., volume fraction
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and topology)98,109 on the characteristics of phononic crystals have been investigated. Moreover, it
has been recently recognized that large deformations induced by instabilities can be exploited to de-
sign phononic crystals whose bandgap position and width can be reversibly tuned. 10,71,175 Here, we
show both numerically and experimentally that the tunability of the periodic system can be greatly
enhanced in the presence of multiple folding mechanisms.
5.4.1 Nঞখ঎ছ঒ঌঊক ঊগঊকঢজ঒জ
To investigate the e୭fect of di୭ferent instability-induced patterns on the propagation of small am-
plitude elastic waves in the periodic structure, we ୮ୢrst conduct ୮ୢnite element analysis (see Chapter
E). We start by constructing the dispersion diagram for the undeformed con୮ୢguration, as shown in
Fig. 5.5-a. When undeformed, the periodic structure possesses a complete band gap (i.e. bandgap
for all directions of wave propagation) for~f = ωa=(2πcT) = 1:189   1:238, where ω is the angular
frequency of the propagating wave, the lattice constant a = 10 mm is de୮ୢned as the center-to-center
distance between holes in the undeformed con୮ୢguration and cT = 18:3 m/s is the transverse speed of
sound in the constituting homogeneous elastomeric material. Therefore, elastic waves with frequen-
cy f = ω=(2π) in the range 2176   2266 Hz are not allowed to propagate within the undeformed
structure due to the band gap.
Next, we investigate the e୭fect of the applied load on the propagation of elastic waves, by consid-
ering three deformed con୮ୢgurations obtained by di୭ferent loading path angles θ = π, 5π=4 and
3π=2, but under the same areal strain, εArea =  0:24. As shown in Fig. 5.4, these three di୭ferent
values of θ result in three distinct patterns. Interestingly, the dispersion diagrams shown in Fig. 5.5-
b, -c and -d indicate that the variation in patterns has a strong e୭fect on the propagation of elastic
waves, demonstrating that in periodic elastic structures with multiple folding mechanisms the band
gaps can be dramatically altered not only by the extent of deformation but also by the choice of the
loading path.
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In fact, when the X-mode is triggered (i.e. θ = π), the pre-existing complete band gap is shif୴ed
and widened to~f = 1:180   1:307. In addition, two new complete band gaps that do not exist in the
undeformed structure appear at~f = 0:699  0:765 and~f = 1:045  1:070. Di୭ferently, for θ = 5π=4
the chiral folding mechanism is triggered and in this case the system is characterized by ୮ୢve complete
band gaps for~f = 0:724   0:745, 0:795   0:884, 1:199   1:278,1:351   1:386, and 1:461   1:509.
Finally, the Z-mode is triggered for θ = 3π=2 and in this case the deformation is found to widen the
pre-existing complete band gap and to open only one complete new band gap for~f = 1:207  1:277.
Figure 5.5: Comparison between the numerical dispersion relations (left) and the experimental frequency response
functions (right) of the system obtained for different values of θ.
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5.4.2 Eডঙ঎ছ঒খ঎গঝজ
To validate the predictions of the numerical simulations, frequency response measurements of the
elastomeric structure are made using an electrodynamic shaker directly connected to one end of sam-
ples through a load cell to provide vibrations. The dynamic response is recorded using a miniature
accelerometer attached to the far end of the sample (see Chapter E). Measurements are conducted
at di୭ferent level of deformation and the transmittance is computed as the ratio between the output
acceleration signal recorded at the far end of the sample and the input force signal from the load cell
(i.e., kA(ω)=F(ω)k).
Fig. 5.5 shows the comparison between numerical and experimental results. For each of the four
panels in Fig. 5.5, the dispersion plots on the lef୴ are calculated numerically and plots on the right
show the transmittance curves from experiments. Here, the numerical calculations consider all
propagation directions in an in୮ୢnitely periodic structure, while the experimental results are shown
for only one propagation direction (GୖY direction for Fig.5.5-a, -b and -c; GୖX direction for Fig.5.5-
d). Nevertheless, we still observe a good match between these two sets of results. In the undeformed
case, the experimental response indicates an apparent attenuation at the numerically calculated band
gap frequency. Af୴er the structure is deformed into di୭ferent patterns, the calculated complete band
gaps can still ୮ୢnd their signatures in the experimental results, with very few exceptions due to ୮ୢnite-
size boundary e୭fects that are not investigated in this study. Furthermore, the transmittance curves
from experiments also exhibit some features of directional band gaps, indicated by the lighter color-
shaded areas in Fig.5.5.
5.5 Cঘগঌকঞজ঒ঘগজ
We demonstrated both numerically and experimentally the design of highly tunable phononic crys-
tals by harnessing multiple folding mechanisms in periodic elastomeric structures comprising a tri-
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angular array of circular holes. We started with a geometrical analysis of 2D rigid periodic networks
and found that a kagome lattice can have multiple folding mechanisms. Guided by these results,
we rationally designed the corresponding continuum sof୴ periodic porous structure and showed
that three di୭ferent patterns induced by buckling can be triggered during compressive loading by
changing the direction of loading. Remarkably, the dynamic response of the system was found to be
highly a୭fected by the pattern induced by buckling, demonstrating that the band gaps can be tuned
both by deformation mode and the extent of deformation.
Our ୮ୢnding opens new opportunities to design multi-functional devices with enhanced tunabil-
ity because (i) the mechanism can be applied to various length-scales; (ii) the various patterns can be
triggered upon application of di୭ferent stimuli and using di୭ferent materials; (iii) the process is fully
reversible and (iv) more importantly, the formation of di୭ferent patterns can be easily controlled by
changing the loading direction. By engineering geometry, length scales, and materials, we can en-
vision smart systems that control the wave propagation autonomously depending on the loading
conditions.
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Buckling-Induced Reversible Symmetry
Breaking and Ampli୮ୢcation of Chirality
Using Supported Cellular Structures
6.1 Iগঝছঘ঍ঞঌঝ঒ঘগ
Robust routes to induce chirality in centrosymmetric systems are not only of fundamental interest
in unraveling the origin of single chirality as found in nature, but also have a broad range of practical
applications including optical devices 188,173,154, sensors63, pharmaceuticals73, and advanced structural
components 15. Since many chiral systems show distinctive proper-ties depending on their handed-
ness63,54,16, elucidating routes to induce chiral symmetry breaking and to control the handed-ness
across di୭ferent length scales is crucial. In general, the emergence of chiral structures of single hand-
edness relies on a two-step process: (i) spontaneous symmetry breaking, followed by (ii) full ampli-
୮ୢcation of this chiral imbalance to yield a uniform con୮ୢguration. On the molecular scale, experi-
mental demonstrations of such processes have been reported only for few crystallizing systems and
chemical reactions 151,85,172,113, in which the ampli୮ୢcation relies on activating and inhibiting interac-
tions at the molecular scale45. Extending these principles to larger length scales requires fundamen-
tally di୭ferent concepts. Although centrosymmetric nanopost arrays 126,75,57 and swellable con୮ୢned
nanoscale gel ୮ୢlms 148,149 were recently reported to form chiral structures in the absence of chiral in-
duction, no study has been reported on the spontaneous and reversible chiral symmetry breaking
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and subsequent full ampli୮ୢcation to yield large areas of ordered structures with single handedness.
Guided by a theoretical model, we here exploit buckling in rationally designed supported cellular
structures at the mesoscale to reversibly switch between the initially achiral con୮ୢguration and subse-
quent uniform lef୴- or right- handed con୮ୢgurations. Moreover, we demonstrate that the underlying
principles can be generalized using di୭ferent geometries, materials, stimuli, and length scales. Al-
though buckling is of୴en regarded as a failure mode that needs to be avoided in structural mate-rials,
there are numerous natural44,143, and arti୮ୢcial 21,189,71,149,130,83,14,141 systems that use it to their advan-
tage. Buckling of surface-attached strips 167 and free-standing structures 50 has been studied extensive-
ly, but little has been known about mechanical instabilities in surface-attached cellular structures.
Moreover, while the deformation and unique mechanical properties of chiral cellular structures have
been the focus of many studies 127,155, here we demonstrate spontaneous and reversible chiral sym-
metry breaking in initially achiral structures followed by full ampli୮ୢcation of the chiral imbalance
across the entire structure to yield con୮ୢgurations of single handedness.
6.2 M঎ঝ঑ঘ঍জ
We start by recognizing that the formation of a chiral pattern, in which all vertices rotate in the same
direction, requires that all the individual plates buckle in a higher mode comprising an integer num-
ber of complete sinusoids, as shown at the bottom of Figure 1a for a honeycomb as a model cellular
structure. It is not su୭୮ୢcient to simply buckling a free-standing honeycomb structure to form a chi-
ral structure, since this induces a ୮ୢrst-order mode in all plates 50,6, leading to an achiral con୮ୢguration
where adjacent vertices alternately rotate clockwise and counterclockwise, as shown at the top of
Figure 6.1. However, the attachment of the cellular structure to a rigid substrate allows higher or-
der buckling modes, so that one can design architectures capable of deforming into either achiral or
chiral con୮ୢgurations. Based on plate theory, we anticipate that the buckling mode can be controlled
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by carefully designing the dimensions of the cellular architecture. Furthermore, we expect that the
connectivity of these cellular structures contributes to the uniform spreading of the chiral pattern
once the symmetry is locally broken.
6.2.1 Aগঊকঢঝ঒ঌঊক ঍঎ছ঒টঊঝ঒ঘগ
To de୮ୢne the design criteria and predict the deformation of the ensemble, we conducted elastic
buckling analysis of an individual supported thin plate. Assuming that the thin plate of length l,
height h, and thickness tmay be described as a linear elastic material with Young’s modulus E, Pois-
son’s ratio ν, and bending sti୭fnessD = Et3=[12(1  ν2)] , its buckling behavior is described by 165,
@4w
@x4 + 2
@4w
@x2@y2 +
@4w
@y4 +
Et"sw
D
@2w
@x2 = 0; (6.1)
where w is the de୯୳ection in the out-of-plane direction and "sw denotes the di୭ferential swelling
strain which is assumed to be uniform within the plate. To consider the e୭fect of the neighboring
plates in the lattice structures, we assume the two vertical edges at x = 0 and x = l to be supported
(i.e. w = 0 and @2w@x2 + ν
@2w
@y2 = 0 ), so that the solution of Eq. 6.1 has the form w = f(y) sin
mπx
l
,m being an integer (see Chapter D). For a plate attached to a rigid substrate (i.e. free at y = h and
clamped at y = 0), the critical swelling strain "crsw and the wavelength 2l=m of the corresponding
mode can then be solved as a function of the aspect ratio l=h, as shown in Figure 6.1(b). This stabili-
ty diagram unambiguously reveals that in an initially straight plate with 0 < l=h < 2:321 a buckling
pattern with half sinusoidal wavelength (i.e. m = 1) will emerge upon reaching a critical swelling
strain, resulting in an achiral pattern (space group: P31m). Di୭ferently, if 2:321 < l=h < 4:015 the
buckling will be a full sinusoid (i.e. m = 2), yielding a chiral pattern (space group: P6). To fully
de୮ୢne the geometry of supported cellular structure for experiments, we investigated the e୭fect of the
thickness of the plates using non-linear ୮ୢnite element analyses (see Chapter D for details and Supple-
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Figure 6.1: Design of structures. (a) Schematic approach to the design of supported cellular architectures
with buckling-induced chiral or achiral reconﬁgurations. First, the cellular structure is deconstructed into
individual supported plates and the wavelength λ of their buckling pattern is calculated. Then, the buckled
pattern of the structure is reconstructed by connecting individual buckled plates. The color-coded arrows
indicate the handedness of the vertices. (b) Results of the buckling analysis for a single supported thin, elastic
plate are plotted in a stability diagram. Upon reaching a critical swelling strain "cswr, bucklingmodes of both
half and full sinusoids can be achieved by adjusting l=h (the aspect ratio of the plate), resulting in respectively
achiral and chiral patterns upon reconstruction of the cellular architecture. The circular blackmarkers and
corresponding Roman numbers indicate the aspect ratio l=h of macroscale honeycomb lattices (l = 5mm
and t=l = 0:18, see Figure 6.2(a)) that were fabricated and tested to verify the validity of the analytical
model.
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mentary Figures D.1 and D.2). These numerical calculations show that the thickness only marginally
a୭fects the buckling modes (Supplementary Figure D.2), con୮ୢrming that the buckling-induced pat-
tern of supported cellular structures is dictated by the aspect ratio l=h of the individual plates.
6.2.2 Eডঙ঎ছ঒খ঎গঝজ
Having ascertained the critical design parameters, to test the validity of our analytical model we fab-
ricated surface-attached cellular structures with aspect ratios l=h that correspond to di୭ferent regimes
in the stability diagram, as indicated by the circular markers in Figure 6.1(b). We started with macro-
scale honeycomb structures (l = 5mm) comprising few unit cells and made from silicone rubber
(see Experimental). When swelled, the structures yielded either chiral, achiral or mixed patterns (Fig-
ure 6.2(a) and Supplementary Figure D.3), exactly as predicted by our analysis (Figure 6.1(b)). We
then fabricated samples comprising a larger number of unit cells with geometry corresponding to
both the achiral (l=h = 2, t=h = 0:37 and l = 5mm) and chiral (l=h = 3:17, t=h = 0:40 and
l = 5mm) regime in the stability diagram. Furthermore, since the analytical model is not limited
to a speci୮ୢc cellular geometry, we also fabricated macroscale (l = 5mm) square lattices compris-
ing plates with the same aspect ratio (Figure 6.2b). Again all the samples buckled as predicted by
the analytical model (Figure 6.2c,d-lef୴/center), showing that the design principles can be applied to
di୭ferent geometries.
Because the pattern formation exploits a mechanical instability that is scale-independent (where
the continuum assumption holds), we extended the principle to microscale honeycombs (l =
20 μm) made from epoxy resin (see Chapter D). The structures buckled upon immersion inN -
methyl-2-pyrrolidone, and the stability diagram again correctly predicted the emergence of either
chiral or achiral patterns (Figure 6.2(c,d)-right). Subsequently evaporating the solvent led to re-
conversion of the buckled structures back into the original con୮ୢgurations, demonstrating that the
controlled pattern formation is fully reversible.
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Figure 6.2: Veriﬁcation of the stability diagram. (a) Buckling patterns of macroscale honeycombswith different
aspect ratio l=h (t=l = 0:18 and l = 5mm for all samples). The Roman numbers indicate the corresponding
marker in the stability diagram (Figure 6.1(b)). The observed bucklingmode (m) is shown below each im-
age. Note that amixture of modes is found for geometries lying on the boundary of adjacent regimes. (b)-(d)
Buckling-induced reversible pattern formation in a supportedmacro-scale honeycomb lattice (left), macro-
scale square lattice (center) andmicro-scale honeycomb lattice (right) upon rapid swelling. (b) Optical images
of original, undeformed structures. (c) For l=h = 2, t=h = 0:37, buckling induces an achiral pattern. (d)
For l=h = 3:17, t=h = 0:40, a chiral pattern is observed. These buckling patterns are in agreement with
the analytical predictions, but multiple domains are observed, whose boundaries are highlighted by the yellow
dashed lines. The insets show zoomed-in images of the buckled patterns within the domains (top) and at the
domain boundaries (bottom). The color-coded arrows indicate the handedness of the vertices.
67
6.3 D঒জঌঞজজ঒ঘগ ঘগ ঌ঑঒ছঊক ঊখঙক঒এ঒ঌঊঝ঒ঘগ
Although all the experimental results show an excellent agreement with the analytical predictions,
we observed a racemic mixture of chiral domains displaying both right- and lef୴- handedness evolved
from several nucleation events. At the boundaries of these domains (shown as yellow lines in Figure
6.2), the plates buckled either in the 1st or 3rd mode. Avoiding such racemic mixtures and making
defect-free patterns with a single-handedness thus requires the prevention of multiple nucleation
sites. We therefore gradually wetted the samples from a single location. This approach induced a
unique nucleation event that propagated over the entire sample to yield uniform buckling patterns
(Figure 6.3(a)). Remarkably, we observed that during the spreading of the pattern some plates ini-
tially buckled either in the wrong direction or with an unpredicted mode (Figure 6.3(b)). These
defects were, however, repaired upon propagation of the swelling front through the defect site when
the majority of the plates connected to the defect buckled correctly. The interconnected cellular
architecture is therefore crucial to conserve the propagation of a single handedness over the entire
substrate (Figure 6.3(d)) by allowing a self-repair mechanism through connected plates.
While instabilities can be induced by a number of stimuli, including thermal, electrical, and me-
chanical loadings (Supplementary Figure D.4), the convenience, versatility and, most importantly,
the reversibility and directionality of the recon୮ୢguration process that arises from swelling-induced
buckling enables a unique mechanism where chirality can be chosen, reversibly written and ampli-
୮ୢed as described below.
Repeated swelling-unswelling revealed that the same buckling pattern reoccurred every time.
The structure thus possesses memory of deformation, likely embedded in a previous reorganization
of the polymeric network, which can steer the chiral outcome in a subsequent symmetry breaking
event. This memory e୭fect can be used to select the handedness of the chiral patterns at will. Since
statistical analyses showed equal probability of lef୴-handed and right-handed patterns in rapidly s-
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Figure 6.3: Uniform pattern formation by controlling nucleation. (a) Time-lapse series showing a single nucle-
ation event and subsequent slow spreading of a buckling-induced chiral pattern by gradually wetting from a
single location. (b) Time-lapse series of the self-repairing process. The initial defect in the form of few clock-
wise vertices (blue) is overwhelmed by the surrounding counterclockwise vertices (red), thus amplifying the
chiral patterns of the nucleus. (c)-(d) The combination of the unique nucleation event and ampliﬁcationmech-
anism results in either uniform achiral (l=h = 2, t=h = 0:37) (c) or chiral (l=h = 3:17, t=h = 0:40) (d)
patterns. Zoomed-in images of the buckled patterns are shown in the insets; the color-coded arrows indicate
the handedness of the vertices.
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wollen structures (Figure 6.4(a,b)), one can map the domains of di୭ferent handedness and choose a
region of desired handedness as a seed. Af୴er unswelling the structure back into the initial pattern,
we can initiate the slow, directional swelling of the structure starting from one of the mapped do-
mains (Figure 6.4(c)). Remarkably, when the progressing pattern reached the previously identi୮ୢed
domain boundaries, the handedness of the spreading pattern was still preserved, thereby overwriting
the memory of these domains to yield patterns of uniform handedness by the repair mechanism dis-
cussed above. When the structure subsequently was unbuckled by drying and rapidly swollen again,
we recovered the single-chirality pattern, con୮ୢrming that the memory of initially racemic domains
was indeed overwritten. This chiral memory is also durable: even af୴er four months the memory is
still preserved. Information on the handedness can thus be stored, read out, and overwritten provid-
ing a versatile programmable mechanism.
6.4 Cঘগঌকঞজ঒ঘগ
Guided by an analytical model and numerical calculations, here we show a proof of principle of
buckling-induced local symmetry breaking and subsequent spreading of a chiral pattern to yield
globally uniform con୮ୢgurations of single handedness in supported cellular structures. We experi-
mentally demonstrate that this strategy o୭fers a unique range of advantages: (i) it can be applied to
structures with various length scales (where the continuum hypothesis holds); (ii) the recon୮ୢgura-
tion occurs upon application of di୭ferent stimuli and using di୭ferent materials, so that it can be used
to dynamically alter surface properties and morphology; (iii) the transformation can be made fully
reversible; and (iv) most importantly, it can be controlled to yield either uniform achiral or chiral
con୮ୢgurations with user-de୮ୢned handedness.
In contrast to molecular symmetry-breaking reactions and crystallization systems, both the nucle-
ation and propagation of chirality can be visualized directly to unravel the underlying mechanisms
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Figure 6.4: . Memory effect allowing readout, selection and overwriting of the handedness of the chiral pat-
tern. (a) An example of a rapidly swollenmacro-scale square lattice structures, showing a racemicmixture of
left- and right-handed domains. (b) Statistical probabilities of the vertices rotate into right- and left-handed
conﬁgurations from nine independent experiments using different samples. The error bar indicates the stan-
dard deviation of the respective probability. (c) These chiral domains can be selected and ampliﬁed. For this,
we ﬁrst map the chiral domains upon rapid swelling. Subsequently the structure is reconverted into the un-
buckled conﬁguration, where the handedness map is given in faded red and blue. Buckling is then initiated at
a location selected from the chirality map to induce a uniform pattern of the desired handedness. If the struc-
ture is subsequently unbuckled and rapidly swollen, the uniform pattern is recovered, demonstrating that the
chiral memory of the original racemic pattern is overwritten.
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and fully control the pattern formation. This process not only provides a remarkable example of
spontaneous symmetry breaking, but also outlines a general strategy in which a judicious choice of
dimensions, materials, stimuli and architectonic designs provides a foundation for a wide range of
multidisciplinary basic and applied studies. For example, our results could be used to design tem-
plates to facilitate fabrication of free-standing chiral structures. Moreover, in structures with sizes
comparable to the wavelength of the light, our approach could lead to the design of novel thin ୮ୢlm
polarization converters, waveguides and circular dichroism spectroscopy substrates.
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Multistable architected materials for
trapping elastic strain energy
7.1 Iগঝছঘ঍ঞঌঝ঒ঘগ
Energy absorbing materials are widely deployed for personnel protection, crash mitigation in au-
tomobiles and aircraf୴s, and protective packaging of delicate components. Many strategies have
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been investigated to create materials that e୭୮ୢciently dissipate mechanical energy, including plastic
deformation in metals 50,122,128,131, fragmentation in ceramics 162, and rate-dependent viscous process-
es 50,32,52. However, in all of these systems there are challenges associated with either reusability or
rate dependency. Most recently, mechanical metamaterials have been fabricated in novel geome-
tries to realize recoverable energy-absorbing behavior in elastic systems42,106,30,135, suggesting novel
strategies for mechanical dissipation of energy.
Here, we report a new class of architected materials in which all of the energy inserted into a sys-
tem during loading is trapped in the form of elastic deformation of a large number of bistable elastic
beams. Using direct ink writing96, an extrusion-based 3D printing method, we rapidly fabricate
customized energy-absorbing architectures. Their design, which is inspired by the exotic response
of bistable elastic elements 59,119,46,44,65,60, is guided by numerical Finite Element simulations. Im-
portantly, their energy trapping mechanism depends solely on the (reversible) change in state of
prescribed structural geometries. Hence, their mechanical response is reversible and repeatable, and
independent of scale, rate and loading history. Remarkably, these architected materials improve
impact protection by an order of magnitude compared to the mechanisms previously proposed for
elastic metamaterials42,30.
7.2 M঎ঝ঑ঘ঍জ
7.2.1 D঎জ঒ঐগ Pছ঒গঌ঒ঙক঎
To illustrate the proposed mechanism, we consider an elastic constrained tilted beam. In contrast to
a vertical elastic beam that buckles under axial compression, but fully recovers its initial shape when
unloaded (Figure 7.1a), a tilted beammay snap between two di୭ferent stable con୮ୢgurations 8,164,40,119
and retain its deformed shape af୴er unloading (Fig. 7.1b). Interestingly, such a bistable tilted beam is
capable of locking in most of the energy inserted into the system during loading (quanti୮ୢed by the
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Figure 7.1: Energy absorption in an elastic beam. a,An elastic beam buckles when axially compressed, yet fully
recovers to its initial shapewhen unloaded. b,A constrained tilted elastic beammay snap between two stable
conﬁgurations, when one of its ends is moved vertically. In this case, the structuremaintains its deformed
shapewhen unloaded. [Note The bistable beams lock inmost of the energy inserted into the system during
loading (Elocked = Ein   Eout). Their initial (undeformed) conﬁguration can be recoveredwhen an amount of
energy larger thanEout is supplied to the system.]
shaded area under the corresponding force-displacement curve), indicating that it can be used as an
energy absorbing element.
To create energy trapping architected materials that exploit the bistability of tilted elastic beam-
s, it is necessary to accurately control structural features. Direct ink writing o୭fers a facile method
for rapidly fabricating materials composed of arrays of tilted elastic beams in programmable mo-
tifs, whose mechanical response can then be systematically characterized. Using this 3D printing
technique, viscoelastic inks are extruded through ୮ୢne deposition nozzles in a layer-by-layer man-
ner 53,150,2. The inks exhibit shear-thinning behavior, which facilitates their ୯୳ow through the nozzle
during printing, as well as a shear elastic modulus that ensures that the printed features are self-
supporting. Speci୮ୢcally, we used a polydimethylsiloxane (PDMS) ink to print energy-trapping,
architected materials (Figures F.1-F.2). This silicone-based ink maintains its structural integrity prior
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to cross-linking the printed structures at 100C for 30 min to yield an elastomeric material with an
initial shear modulus μ0 = 0:32 MPa (Figure F.3). We note that direct ink writing is particularly
well-suited to our beam-based geometries, since narrow features with tunable aspect ratios can be
readily fabricated by locally varying the print velocity.
7.2.2 Pঊছঊখ঎ঝছ঒ঌ Sঝঞ঍ঢ
To optimize their geometry, we combined experiments and simulations to systematically investi-
gate the e୭fects of tilting angle θ and beam slenderness t=L (with t and L denoting the thickness and
length of the beam, respectively) on the desired energy-trapping response (Figure 7.2). We designed
and fabricated a minimal structure consisting of two identical tilted beams, arranged symmetrically
to prevent asymmetric deformation, and connected by two sti୭f horizontal layers (in-୮ୢlled epoxy)
to constrain lateral motion at their ends (Fig. 7.2a,b). We rapidly printed dozens of functional, but
minimal, units (each structure requiring only a few minutes to fabricate). We speci୮ୢcally explored
geometrical parameters (Fig. 7.2a-b) ranging from θ 1.5-70 and t=L 0.10-0.33 with L 1-6 mm.
We note that smaller structures could be fabricated using smaller nozzle sizes, while larger structures
can be produced via a molding approach (Figures F.4 and F.5).
Using Finite Element (FE) simulations, we built two-dimensional numerical models of tilted
beams characterized by di୭ferent combinations of θ and t=L and investigated their response under
uniaxial compression using the commercial ୮ୢnite element package ABAތUS/Explicit. Each tilted
beam is deformed by applying a vertical displacement to the top end, while constraining the mo-
tion of both ends in the horizontal direction (see Fig. 7.2c). ތuasistatic conditions are ensured
by monitoring the kinetic energy and introducing a small damping factor (see Chapter F). Our
experimental and numerical results are in good agreement, as reported in Fig. 7.2d-e. The force-
displacement curves shown in Fig. 7.2d clearly indicate that the system’s response can be tuned
by controlling θ and t=L. For example, we ୮ୢnd that the beams snap during compression when
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Figure 7.2:Mechanical response of a constrained, tilted elastic beam. a,Minimal functional structures, each
with a unique combination of geometrical parameters, are rapidly printed (150-200 s each) using direct-
write 3D printing. b,Minimal structures consisting of two identical tilted beams. c, Schematic view show-
ing the 2Dmodel used in our FE simulations (left) and the corresponding beam in the fabricatedminimal
unit (right). d,Numerical and experimental force-displacement curves for three beams characterized by
(θ; t=L) =(25; 0:15), (40; 0:12), (60; 0:14). The force is normalized by μ0Ld cos θ (d denoting
the out-of-plane thickness of the samples), while the displacement is normalized byL sin θ. e, Effect of θ and
t=L on the energy absorbed by the elastic beam (Ein) and the energy cost for the beam to snap back to its
undeformed conﬁguration (Eout). The black dashed lines indicate the experimentally observed transition be-
tween the geometries that result in bistability and those that merely possess the snap-through instability, but
are not bistable.
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(θ; t=L) = (25; 0:15), but return to their initial (undeformed) con୮ୢguration af୴er the load is
removed (i.e., only the initial con୮ୢguration is stable). However, for (θ; t=L) = (40; 0:11) and
(60; 0:14), there is a brief period of tensile reaction force (see region with negative force in the re-
sults in Fig. 7.2d), so that the system is bistable and can lock in most of the energy applied during
loading.
To further explore the e୭fect of t=L and θ, we carried out a combined numerical and experimen-
tal parametric study. The numerical results, summarized in Fig. 7.2e, indicate that by increasing θ, at
constant t/L, the response of the beams undergoes several transitions. For low values of θ (i.e., near-
ly horizontal beam orientation, perpendicular to the loading direction), the system exhibits no insta-
bilities (white region in Fig. 7.2e). Above a critical value of θ, a snap-though instability is triggered
(light grey region in Fig. 7.2e), but without bistability. However, in both of these cases, the system
returns to its initial con୮ୢguration upon unloading, i.e., no energy is trapped, which greatly limits
their potential for energy absorption. If θ is further increased, the beam becomes bistable (colored
area in Fig. 7.2e), enabling energy trapping. The geometrical transformation between undeformed
and deformed stable states is akin to a phase change, in which the quantity of energy that is trapped
depends solely on the net change in deformation, i.e., independent of how the load is applied and
of loading history. Finally, if θ is increased above a critical threshold, the snap-through instability is
suppressed (grey area in Fig. 7.2e) due to self-contact.
Within the bistable domain, the energy that the system absorbs (Ein) increases as a function of
both θ and t=L. However, the energy cost for a beam to snap back to its undeformed state (Eout)
tends to decrease. As a result, it is likely that for large values of θ and t=L (within the bistable region)
the system cannot maintain the second stable con୮ୢguration due to small geometric imperfections
or even a time dependency (e.g., viscoelasticity) of the material itself. To design optimal energy trap-
ping beams, one must maximize Ein while maintaining Eout above a threshold that depends on the
environment for which the system is designed. To complement the numerical study, we carried out
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an experimental parametric study by fabricating minimal structures over the same combinations
of θ and t/L. Of particular interest is the transition between the geometries that exhibit bistability
and those that merely possess the snap-through instability, but are not bistable. The black dashed
lines in Fig. 7.2e indicate the approximate location of this transition, as measured experimentally,
which is in good agreement with the numerical results. Discrepancies arise from the fact that struc-
tural defects become more important near the transition, since Eout is very low there (see Chapter
F). Note, this transition is important, not only because the bistability enables energy trapping, but
also because it could be used in the design of deployable mechanical structures to achieve controlled
sequential displacement. Finally, we have also observed that this structural design can be combined
with stimuli-responsive materials to produce structures capable of recovering when exposed to an
environmental cue.
7.2.3 Qঞঊজ঒-জঝঊঝ঒ঌ T঎জঝজ
Interestingly, the bistable elastic beams can be arranged to form 1D, 2D or 3D energy-trapping meta-
materials (Fig. 7.3a). To demonstrate the concept using a system designed to deform uniaxially, we
fabricated a 4x4 array of minimal units (i.e., two symmetric beams), for a total of 32 tilted beams. As
shown in Fig. 7.3b, if t=L and θ are chosen such that each beam is bistable (in this case, θ=40 and
t=L=0.12, with L =5 mm), the structure is characterized by multiple stable con୮ୢgurations that can
be triggered by applying a compressive force and that are maintained also when the force is removed.
In fact, a tensile force needs to be applied to recover the initial shape. We then characterized the re-
sponse of the structures under uniaxial compression using a single-axis Instron with a 10 N load
cell. As shown in Fig. 7.3c, the force-displacement response is characterized by four similar peaks,
each corresponding to the collapse of a row of beams. Since each row is designed with the same ge-
ometrical parameters, these peaks occur at a nearly identical force (with small imperfections or the
environment leading to sequential, rather than simultaneous, collapse of the rows). Remarkably, the
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magnitude of these peaks for the 4x4 structures is in excellent agreement with that observed from
the tests of the minimal unit, highlighting the modularity and scalability of this structural motif.
When these structures are compressed at di୭ferent speeds (between 10 mm/s and 0.1 mm/s), their
force-displacement curves are shown to be rate-independent, and they absorb the same amount of
energy per unit mass when fully compressed. Their remarkable insensitivity to loading conditions is
due to the fact that all energy inserted into these architected metamaterials is locked-in in the form
of elastic strain energy. Therefore, the absorbed energy depends only on the morphological change
between the initial (undeformed) state and the ୮ୢnal (deformed) state of the beam.
Each of the four layers of the structure in Fig. 7.3 consists of eight tilted beams in parallel, with
each of these layers arranged in series. Given this modularity, the total structural response can be
predicted using the FE result for the corresponding single beam (see Chapter F). The agreement be-
tween numerical and experimental results (Fig. 7.3d) is excellent, demonstrating that the knowledge
of the response of our simple building block is enough to design larger and more complex structures
with tailored properties. Moreover, although the results reported in Fig. 7.3b-d are for a structure
characterized by L =5 mm, the same strategy can be applied to structures with various length s-
cales (Fig. 7.3e), since we exploit a geometrical transformation that is scale-independent (where the
continuum assumption holds) and relies solely on the aspect ratio and the orientation angle of the
beams.
7.2.4 Iখঙঊঌঝ T঎জঝজ
We also characterized the ability of the system to provide protection during impact by dropping the
samples from di୭ferent heights, h, while recording the acceleration with a piezoelectric accelerometer
(PCB Piezotronics, Inc., model number: 352C23) attached to their top surface. To investigate the
general e୭୮ୢcacy of this energy-trapping mechanism, we performed impact tests (i) on multistable
structures in their low-energy, undeformed con୮ୢguration; (ii) on the same multistable structures
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Figure 7.3:Mechanical response of an elastic multistable structure. a, Schematic views of 1D, 2D and 3D
energy-trappingmetamaterials. The bistable beams are colored in grey, while the rigid support structures
are colored in blue. b, Sequential images of themultistable structure loaded vertically. The sample retained
its deformed shape after unloading. c, Stress-strain curves for themultistable structure at multiple strain
rates. Themeasurements are repeated ﬁve times for each strain rate, showing excellent repeatability for a
given sample and also betweenmultiple samples with the same geometric properties. d,Comparison between
experiments and simulations. The numerical predictions are obtained using the FE results for a single tilted
beamwith θ = 40 and t=L = 0:12 and by assuming that the structure consists of four layers arranged
in series, each with eight tilted beams in parallel. e, Examples of different structures fabricated at different
length scales (left - initial, right -deformed).
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in their densi୮ୢed state (e୭fectively, the “control” case, behaving as a block of material); and (iii) on
structures with low beam angles (θ = 20), which possess a snap-through instability, but are not
multistable. First, we see that the control sample, which is the densi୮ୢed multistable structure, prop-
agates a very large peak acceleration during impact (grey line in Fig. 7.4a-b). As we demonstrate,
elastic metamaterials that are based on the snap-through instability, similar to those reported pre-
viously 30,42,106, show a reduced peak acceleration (green line) relative to the densi୮ୢed structure due
to their material-dependent, viscoelastic dissipation. However, by introducing energy-trapping via
our multistable samples (red line), the peak acceleration during impact and the structure’s protective
capability are improved by an order of magnitude for a given mass of material (Fig. 7.4a-b).
Further comparison between the multistable, snap-through, and control samples clearly shows
the ability of the energy-trapping beams to improve impact performance, yielding up to an order
of magnitude reduction in peak acceleration amplitude when hwas varied between 5 and 10 cm
(Fig. 7.4c). For samples designed to possess the snap-through instability without energy-trapping
(θ = 20 and t=L=0.11), signi୮ୢcantly less energy is absorbed despite having very similar relative
density to the energy-trapping structures. The simulations predict no energy absorption for the
samples without energy-trapping, since material dissipation is not accounted for; however, there is a
small amount of energy absorption in the experiments because of viscoelasticity.
The acceleration-time curve for multistable samples is characterized by 4 peaks at a  80 m/s2,
each corresponding to the collapse of a line of beams. This acceleration corresponds to a force
F = m  a = 0:125g  80m=s2 = 10N, which is in excellent agreement with the collapse-force
measured during the quasi-static compression of the structures (see Chapter F). This remarkable re-
sult further highlights the rate-independent mechanics, since the collapse-force during impact would
not typically be expected to be the same as during quasistatic compression 191. As the drop height h
is increased (Fig. 7.4d), eventually the kinetic energy of the structure immediately prior to impact
exceeds the cumulative absorptive potential of the snapping beams in all four rows. As a result, for
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Figure 7.4: Drop tests. a,Acceleration-time curve for amultistable structure, the corresponding control sam-
ple (consisting of the same structures but taped tomake all beams intentionally collapsed prior to the drop
test), and a structure designed to possess snap-through instabilities but not energy-trapping, with samples
dropped from h = 7:5 cm. b, Zoom-in of the acceleration-time curves. c, Peak acceleration amplitude as a
function of the dropping height h for themultistable structure, the control sample, and the snap-through sam-
ple. The error bars indicate standard deviations frommultiple (N>5) measurements. d,Acceleration-time
curves for themultistable sample obtained from drop heights of h = 5 cm, 7.5 cm and 10 cm. The horizon-
tal dotted line indicates the collapse-force divided by themass of the egg for a line of tilted beams. The force
is three times larger than that measured in the static compression tests since here we used three identical
structures arranged in parallel for the drop tests. e,Drop of multistable and control samples with raw eggs
attached to their top from h = 12.5 cm. The eggs attached to themultistable structures survive, while those
on the control samples break upon impact.
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high enough h (7.5 cm and above in this case) an additional acceleration peak emerges, correspond-
ing to loading of the densi୮ୢed structure af୴er all four rows of beams have fully collapsed. We can
optimize the design for a given application by maximizing the energy dissipated during collapse of
the beams subject to the constraint that the acceleration remains below a particular damaging ac-
celeration. This can be controlled by varying the structural parameters (θ and t=L) as well as the
out-of-plane thickness of the structure.
The energy-trapping capability of our multistable, architected materials could be bene୮ୢcial for
protecting an object and/or a person from impact. To illustrate this, we dropped multistable and
control samples with raw eggs attached to their top surface. As shown in Fig. 7.4e, the eggs attached
to the energy-absorbing structure remain intact, while those attached to the control samples break
upon impact. Importantly, af୴er the impact, these multistable architected materials can be reused,
maintaining the same energy absorption characteristics regardless of loading history.
7.3 Cঘগঌকঞজ঒ঘগ
In summary, by combining numerical calculations and 3D printing, we have developed fully elas-
tic and reusable energy-trapping architected materials based on localized locking-in of strain en-
ergy in tilted elastic beams. Our strategy o୭fers several advantages; it can be applied to structures
with various length scales (frommicro to macro) and provides a simple modular design scheme, so
that the mechanical response can be tuned by controlling geometric parameters guided by a “phase
diagram”. Moreover, the loading process is fully reversible, allowing the structures to be consis-
tently reused many times, with the energy absorption una୭fected by loading rate or history. Since
the quantity of energy that is trapped in these metamaterials depends solely on their morpholog-
ical change between the initial (undeformed) and ୮ୢnal (deformed) state of the elastic beams, their
response is highly predictable for a wide variety of loading conditions. Our ୮ୢndings open new op-
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portunities for designing energy absorbing materials for applications including reusable personnel
protection, crash mitigation in automobiles and aircraf୴, and protective packaging of delicate com-
ponents.
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Conclusion and summary
By combining numerical simulations and experiments, I showed that a novel class of sof୴ functional
structures can be designed that use their large deformation and geometric rearrangements induced
by instabilities to change their properties, including shape, volume, Poisson’s ratio, chirality, energy
absorption and phononic band-gaps. Interestingly, since the structures are built using elastomeric
materials, their response is fully reversible and they can be consistently reused many times. More-
over, since the structures I studied take advantage of buckling, which is a scale-independent mech-
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anism, the principles can be applied over a wide range of length scales. With recent developments
in microscale fabrication, I believe the miniaturization of the proposed structures can lead to the
generation of a new class of tunable devices.
The major accomplishments and ୮ୢndings of the thesis are summarized as follows:
1. We showed that by simply changing the shape of the holes the response of porous structure
can be easily tuned and sof୴ structures with optimal compaction can be designed.
2. We have identi୮ୢed four periodic distributions of mono-disperse circular holes in planar e-
lastic structures where mechanical instability can be exploited to reversibly switch between
expanded and compact con୮ୢgurations. Interestingly, in two of these structures (i.e. 3.6.3.6
and 3.4.6.4) the instability can be exploited to induce the formation of a chiral pattern.
3. We discovered a fundamentally new way of generating isotropic 2Dmaterials with nega-
tive Poisson’s ratio by embedding periodic arrays of cuts in elastomeric sheets. Interestingly,
we showed that Poisson’s ratio of the system can be easily tuned and drastically altered by
varying the length of the cuts, while the isotropy of the system is controlled by the degree of
rotational symmetry of the cut-patterns.
4. We demonstrated both numerically and experimentally the design of highly tunable phonon-
ic crystals by harnessing multiple folding mechanisms in periodic elastomeric structures com-
prising a triangular array of circular holes. Remarkably, the dynamic response of the system
was found to be highly a୭fected by the pattern induced by buckling, demonstrating that the
band gaps can be tuned both by deformation mode and the extent of deformation.
5. Guided by a theoretical model, we here exploit buckling in rationally designed supported
cellular structures at the mesoscale to reversibly switch between the initially achiral con୮ୢgura-
tionand subsequent uniform lef୴- or right- handed con୮ୢgurations.
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6. We combined 3D printing and numerical analysis to design a new class of elastic metamate-
rials in which all the energy inserted into the system during loading is trapped in the elastic
deformation of a large number of bistable elastic elements.
In summary, I believe that the insights gained in the thesis can serve as basis and guidelines for
designing novel sof୴ active material and structures, and can lead to more practical applications in the
future. Let me ୮ୢnish this thesis by sharing a belief which I hold throughout my PhD - Soظ function-
al materials start where conventional materials fail.
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A
Supporting Information for Chapter 2
A.1 Mঊঝ঎ছ঒ঊকজ
A silicone-based rubber (Elite Double 8, Zhermack) was used to cast the experimental specimen.
The mechanical response of the material was characterized performing uniaxial tensile tests on sam-
ples with rectangular cross-section and shoulders. In addition, an extensometer was used to provide
a more accurate measure of the stretch. The material response up to an applied stretch λ = 2 was
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found to be well captured using a nearly incompressible Neo-Hookean model, whose strain ener-
gy isW = μ0=2(I1   3) + K0=2(J   1)2, with μ0 = 0:33 kPa andK0 = 555 kPa. Here,I1 =
tr

dev
 
FTF

, J = detF, F is the deformation gradient and μ0 andK0 denote the shear modulus
and bulk modulus at zero strain, respectively. Note that Young’s modulus E and Poisson ratio ν at
zero strain can be easily obtained as E = 9K0μ0=(3K0+μ0) and ν = 0:5(3K0 2μ0)=(3K0+μ0).
A.2 T঎জঝ঒গঐ ঊগ঍ ঊগঊকঢজ঒জ
Compression tests were performed using an Instron machine with a 10N load cell. During the tests
the specimens were positioned on an horizontal plate and compressed by a ୯୳at ୮ୢxture mounted to
the vertical compressing head. Both ୮ୢxtures were made of transparent acrylic. Note that the spec-
imens were not clamped to the two horizontal ୮ୢxtures and that friction between the sample and
୮ୢxture surface was enough to ୮ୢx the position of the specimen top and bottom boundary (no lubri-
୮ୢcant was used on the horizontal surfaces). The parallelism of the two horizontal ୯୳at ୮ୢxtures was
carefully monitored during the tests. The specimen during the test was held by an acrylic plate at the
back directly mounted to the load cell to avoid out-of-plane buckling. The sample faces were cov-
ered with vaseline to reduce any frictional e୭fects resulting during the loading process. The compres-
sion tests were performed at 20mm/min until the maximum load of the load cell, 10N, was reached.
The results were independent of the rate of change of displacement for slower speeds and hence a
good approximation to the rate independent conditions of the numerical investigation was obtained
in the experiments. The load associated with the displacement was recorded and used to produce
stress-strain curves for the compression process. During the test, a Nikon D90 SLR camera facing
the specimen was used to take pictures and videos. Marking the corners of RVEs in our specimen
with black dots enabled us to evaluate the geometric change quantitatively with a post-processing
code inMATLAB.
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Supporting Information for Chapter 3
B.1 Aগঊকঢজ঒জ - D঎জ঒ঐগ ঙছ঒গঌ঒ঙক঎জ
B.1.1 Fছঘখ ঝ঒ক঒গঐজ ঘএ ঝ঑঎ 2D Eঞঌক঒঍঎ঊগ ঙকঊগ঎ ঝঘ ঙঘছঘঞজ জঝছঞঌঝঞছ঎জ
To identify possible periodic monodisperse circular hole arrangements in elastic plates where buck-
ling can be exploited as a mechanism to reversibly switch between undeformed/expanded and de-
formed/compact con୮ୢgurations, we investigate the hole arrangements by considering geometric
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constraints on the tilings (i.e., tessellations) of the 2D Euclidean plane.
In order for all the monodisperse circular holes to close through buckling of the ligaments, the
plates should meet the following requirements: (a) the center-to-center distances of adjacent holes
are identical, so that all the ligaments are characterized by the same minimumwidth and under-
go the ୮ୢrst buckling mode in an approximately uniformmanner; (b) there is an even number of
ligaments around every hole, so that the deformation induced by buckling leads to their closure.
Mathematically, these geometric constraints can be rephrased as: the skeleton of the porous struc-
ture should (a’) be a convex uniform tiling of the 2D Euclidean plane (which are vertex-transitive
and have only regular faces) (b’) with an even number of faces meeting at each vertex. Focusing on
1-uniform tilings (i.e. Archimedean tilings) where all the vertices are the same, so that all the holes
deform similarly, we ୮ୢnd that there are only four tessellations which meet the above requirements:
square tiling, triangular tiling, trihexagonal tiling and rhombitrihexagonal tiling (see Fig. B.1-A). The
corresponding porous structures are then obtained by placing a circular hole at each vertex of the
four tilings (see Fig. B.1-B). Finally, we note that each periodic porous structure has an underlying
kinematic model which comprises of a network of rigid polygons and hinges (see Fig. B.1-C). These
kinematic models can be obtained by transforming the circular holes either to (i) squares, if they are
surrounded by four thin ligaments (as in the cases of 4:4:4:4, 3:6:3:6, 3:4:6:4); or (ii) hexagons, if
they are surrounded by six thin ligaments (as in the cases of 3:3:3:3:3:3).
The kinematic models can then be used to study the deformation mechanism of the correspond-
ing porous structures. Fig. B.2 shows the folding mechanism of the four kinematic models investi-
gated in this study.
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Figure B.1: From tilings to porous structures. (A)We start with a solid sheet of material and draw a tiling pattern on the
sheet. (B) The corresponding porous structure is then obtained by placing a circular hole at each vertex of the tiling. (C)
The corresponding kinematic model can be obtained by transforming the circular holes either to squares or hexagons.
B.2 D঒জকঘঌঊঝ঒ঘগ D঒ঙঘক঎Mঘ঍঎ক
It has been recently shown that the patterns induced by buckling in periodic porous structures can
be investigated by making use of continuum elasticity theory and approximating the deformed holes
as elastic dipoles 105. The stress ୮ୢelds due to elastic dipoles are long ranged and dipoles interact with
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Figure B.2: Foldingmechanism of the kinematic models. (A) completely unfolded conﬁguration; (B),(C) and (D) inter-
mediate conﬁgurations; (E) completely compact/folded conﬁguration. The polygons are colored differently only for
visualization purposes.
each other with interaction energy 105
Uint =  Eπ
b2d1d2
R2

cos (θ1 + θ2) sin θ1 sin θ2 +
1
4

; (B.1)
where E is the 2-dimensional Young’s modulus of bulk elastic medium, R is distance between two
dipoles, d1 and d2 are magnitudes of dipole vectors, and θ1 and θ2 are dipole orientations (Fig. B.3A).
We note that individual elastic dipoles also feel the e୭fect of the external uniaxial compression 105,
but this contribution is neglected in this study. Assuming periodic boundary conditions and inde-
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pendent orientations of dipoles inside the primitive cell (Fig. B.6), we minimized the interaction
energy of elastic dipoles B.1. For each dipole, we included interactions with 100 nearest dipole
neighbors. The patterns that correspond to the minimized interaction energy of elastic dipoles in
the four arrangements investigated in this study are shown in Fig. B.3. The patterns closely resemble
the patterns obtained with FE analysis (see Fig. 1-C).
Figure B.3: (A) Diagram of the interaction between two elastic dipoles (d1 and d2) separated byR. (B) Patterns that
correspond to theminimum free energy of interactions between elastic dipoles for the four structures considered in this
study.
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B.3 Eডঙ঎ছ঒খ঎গঝজ
B.3.1 Mঊঝ঎ছ঒ঊক
Silicone rubber (Vinylpolysiloxane: Elite Double 32, Zhermack) was used to cast the experimental
specimens. The material properties were measured through tensile testing, up to a nominal strain
ε = 0:82. No hysteresis and rate dependence was found during loading and unloading. The stress-
strain behavior was found to be accurately captured by a Yeoh hyperelastic model 185, whose strain
energy density is
WYeoh =
3X
i=1
h
Ci0 (I1   3)i + (J  1)2i =Di
i
(B.2)
whereI1 = tr

dev
 
FTF

, J = det [F], and F is the deformation gradient. Note that two of the
parameters entering in Yeoh model are related to the conventional shear modulus (G0) and bulk
modulus (K0) at zero strain as C10 = G0=2 andD1 = 2=K0. To capture the behavior of the silicone
rubber used in the experiments we used C10 = 154 kPa, C20 = 0 kPa, C30 = 3:5 kPa, andD1 =
D2 = D3 = 38:2GPa 1.
B.3.2 Sঙ঎ঌ঒খ঎গজ এঊঋছ঒ঌঊঝ঒ঘগ
The molds to cast the specimens were fabricated using a 3-D printer (Connex 500, Objet Ltd.) hav-
ing a resolution of 600 dpi and a claimed printing accuracy of 30 μm. A very thin layer of mold re-
lease oil (Ease Release 200, Smooth-on Inc.) was sprayed onto the mold prior to molding. Then, the
silicone rubber was cast into the mold. The casted mixture was ୮ୢrst allowed to set in a vacuum for 10
minutes and then was placed at room temperature until curing was completed. The overall sizes of
the four specimens areW(width)H(height)T(thickness) = 80:080:035:0mm; 86:675:0
35:0mm; 93:3 97:0mm 35:0mm and 132:0 137:1mm 55:0mm for 4:4:4:4, 3:3:3:3:3:3, 3:6:3:6,
3:4:6:4, respectively. Note that large out-of-plane thicknesses were employed for all the specimens in
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order to avoid out-of-plane buckling modes during the uniaxial compression tests. The four samples
were designed to have a void-volume-fractionψ = 0:50 and holes with radius r = 4:0mm. This
resulted in a center-to-center distance between adjacent holes of a = 10:8mm for the 3:3:3:3:3:3 pat-
tern, a = 9:3mm for the 3:6:3:6 pattern, and a = 9:7mm for the 3:4:6:4 pattern. Note that the
fabricated samples were found to have a slightly lower void-volume-fraction (i.e. ψ4:4:4:4 = 0:49,
ψ3:3:3:3:3:3 = 0:48,ψ3:6:3:6 = 0:49,ψ3:4:6:4 = 0:49), due to the limited accuracy of the 3D printer.
This deviation has been accounted for in the simulations.
B.3.3 T঎জঝ঒গঐ
Uniaxial compressive experiments were performed on a standard quasi-static loading frame (Instron
5566) with a 10 kN load cell (Instron 2710-106) in a displacement-controlled manner. The specimens
were compressed within ୯୳at compression ୮ୢxtures. Note that the specimen was not clamped to the
୮ୢxtures, but friction between the specimen and ୮ୢxture surface was enough to hold the position of
the specimens’ top and bottom faces because no lubricant was used on the horizontal surfaces. The
compression tests were performed at the cross-head velocity of 20mm=min until the holes were
almost closed. During the test, a Nikon D90 SLR camera facing the specimen was used to take pic-
tures at every nominal strain increment of Δε = 0:006. The specimens were marked with black
dots, so that we were able to quantify the changes in the geometry of the structures induced by de-
formation with a post-processing code inMATLAB.
B.3.4 Cঊকঌঞকঊঝ঒ঘগ ঘএ εxx, εyy, ν ঊগ঍ , νinc এছঘখ ঎ডঙ঎ছ঒খ঎গঝজ
To quantify the lateral contraction (and thus the negative Poisson’s ratio) of the porous structures in
experiments, we investigated the evolution of the microstructure. The physical samples were marked
with black dots as shown in Fig. 2 in the main text and their position was recorded using a high-
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resolution digital camera and then analyzed by digital image processing (MATLAB). All the black
markers were identi୮ୢed in the initial frame (Fig. B.4-A), and followed through the loading process.
We only focused on the central part of the samples where the response was clearly more uniform
and marginally a୭fected by the boundary conditions. We ୮ୢrst constructed several parallelograms
connecting the markers in the central part of the sample (Fig. B.4-B) and monitored their evolution
as a function of the applied deformation. All the markers and their corresponding parallelograms
which were used in the calculations, are highlighted in green in Fig. B.4-C. For each parallelogram,
local values of the engineering strain εxx and εyy were calculated from the positions of its vertices at
each recorded frame t as
εxx(t) = (x4(t) x3(t))+(x2(t) x1(t))2jL034j   1; (B.3)
εyy(t) =
(y1(t) y3(t))+(y2(t) y4(t))
2jL013j cosθ   1; (B.4)
where (xi; yi) denote the coordinates of the i-th vertex of the parallelogram, j L034 j and j L013 j are
the norm of the lattice vectors spanning the parallelogram in the undeformed con୮ୢguration (see Fig.
4-A in the main text) and θ = arccos L
0
34L013
jL034jjL013j . The local values of the engineering strain were then
used to calculate local values of the Poisson’s ratio as
ν(t) =   εxx(t)εyy(t) ; (B.5)
and
νinc(t) =   εxx(t+ Δt)  εxx(t)εyy(t+ Δt)  εyy(t) : (B.6)
Note that ν characterizes the lateral contraction/expansion of the structure with respect to the ini-
tial/undeformed con୮ୢguration. Di୭ferently, νinc quanti୮ୢes the lateral contraction/expansion with
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respect to the deformed con୮ୢguration induced by an increment in the applied strain Δε and allow
us to describe the Poisson’s ratio of a material that operates around a pre-deformed state. Finally, the
ensemble averages εxx =< εxx >, εyy =< εyy >, ν =< ν > and , νinc =< νinc > for the central
parallelograms under consideration were computed.
Figure B.4: Illustration of calculation of εxx, εyy, ν and νinc from experiments. (A) The samples weremarkedwith black
dots. Thesemarkers were identiﬁedwith a tracking number in the initial frame and followed through the loading pro-
cess. (B) Parallelograms connecting four markers in the central part of the sample were constructed and their evolution
wasmonitored as a function of the applied deformation. (C)All the parallelograms used in the calculations are highlight-
ed in green.
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B.4 F঒গ঒ঝ঎-Eক঎খ঎গঝ জ঒খঞকঊঝ঒ঘগজ
B.4.1 Lঘঊ঍-঍঒জঙকঊঌ঎খ঎গঝ ঊগঊকঢজ঒জ
The commercial ୮ୢnite element (FE) code ABAތUS/Standard was used for simulating the post-
buckling response of the ୮ୢnite-size porous structures. Assuming plane strain conditions, 2D FE
models were constructed using ABAތUS element type CPE6MH with a mesh sweeping seed size
of 0:5mm.
Af୴er determining the pattern transformation (the lowest eigenmode) from a buckling analysis,
an imperfection in the form of the most critical eigenmode was introduced into the mesh, scaled so
that its magnitude was two orders of magnitude smaller than the hole size.
As the experiments were performed under displacement-controlled conditions, load-displacement
analysis were then performed imposing vertical displacements at the top surface of the FE model,
while ୮ୢxing the horizontal degrees of freedom. All the degrees of freedom of the bottom surface
were ୮ୢxed.
B.4.2 Iগজঝঊঋ঒ক঒ঝঢ Aগঊকঢজ঒জ এঘছ Iগএ঒গ঒ঝ঎কঢ P঎ছ঒ঘ঍঒ঌ Sঘক঒঍জ
Our results demonstrate that buckling in elastic plates with carefully designed arrangement of holes
may be exploited to induce either the formation of chiral patterns and/or negative Poisson’s ratio.
However, so far we only focused on the response of structures withψ ' 0:5, and did not explore
the e୭fect of the void-volume-fractionψ, which can be used to control the critical strain at buck-
ling. Since our results clearly show that the FE simulations were able to accurately reproduce the
experimental results, we investigated numerically the e୭fect ofψ on the instability of the structured
plates. For the sake of computation e୭୮ୢciency, we focused on in୮ୢnite periodic structures, and per-
formed all the analysis on a single unit cell using appropriate boundary conditions 168,11. It is well
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known that along the loading path periodic structures can suddenly change their periodicity due to
either microscopic instability (i.e., instability with wavelengths that are of the order of the size of the
microstructure) or macroscopic instability (i.e, instability with much larger wavelengths than the
size of the microstructure) 168,11. In the following we provide a detailed description of the numerical
analysis performed to detect both microscopic and macroscopic instabilities.
Iগএ঒গ঒ঝ঎ ঙ঎ছ঒ঘ঍঒ঌ জঝছঞঌঝঞছ঎জ In this section, we consider in୮ୢnite planar periodic solids un-
der plane strain conditions (Fig. B.5-A). The periodic solid is characterized by a unit cell spanned by
the lattice vectors A1 and A2 in the undeformed con୮ୢguration (Fig. B.5-B) and any spatial function
V (X)must satisfy the periodic condition
V (X+ R) = V (X) (B.7)
where with R = p1A1 + p2A2, p1 and p2 being integers. For later use, we also introduce the reciprocal
lattice vectors (Fig. B.5-C)
B1 = 2π
A2  A3
jjA1  A2jj ; B2 = 2π
A3  A1
jjA1  A2jj (B.8)
where A3 = (A1  A2) =jjA1  A2jj, so that Ai  Bj = 2πδij, δij being the Kronecker delta. Thus,
the reciprocal lattice vector G can be expressed by G = q1B1 + q2B2, q1 and q2 being integers. Figure
B.5-C illustrates the reciprocal unit spanned by the primitive reciprocal lattice vectors B1 and B2.
Iগঌছ঎খ঎গঝঊক এঘছখঞকঊঝ঒ঘগ The deformation of the unit cell is described by the deformation
gradient
F = @x
@x0
; (B.9)
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Figure B.5: (A) Schematic of inﬁnite periodic structure in two dimensional space. (B) Primitive unit spanned by the prim-
itive lattice vectorsA1 andA2. Basis vectors are denoted by e1 and e2. (C) The corresponding reciprocal unit spanned by
the primitive reciprocal lattice vectorsB1 andB2. Basis vectorsei are deﬁned byei = 2πjjA1A2jj ei for i = 1; 2.
mapping a point in the material from the reference position x0 to its current location x. The ma-
terial is assumed to be non-linear elastic, characterized by a stored-energy functionW = W(F),
which is de୮ୢned in the reference con୮ୢguration. The ୮ୢrst Piola-Kirchho୭f stress S is thus related to
the deformation gradient F by
S = @W
@F : (B.10)
In the absence of body forces, the equation of motions in the reference con୮ୢguration can be written
as
Div S = ρ0
D2x
Dt2 ; (B.11)
where Div represents the divergence operator in the undeformed/reference con୮ୢguration,D=Dt is
the material time derivative and ρ0 denotes the reference mass density.
To investigate the stability of the periodic solid, incremental deformations superimposed upon
a given state of ୮ୢnite deformation are considered. Denoting with _S the increment of the ୮ୢrst Piola-
Kirchho୭f stress, the incremental forms of the governing equations is given by
Div _S = ρ0
D2 _x
Dt2 ; (B.12)
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where _x denotes the incremental displacements. Furthermore, linearization of the constitutive equa-
tion B.10 yields
_S = L : _F; with Lijkl =
@2W
@Fij@Fkl
; (B.13)
where _F denotes the incremental deformation gradient, and L denotes incremental modulus (i.e.
elasticity tensor).
To detect microscopic instabilities, we investigate the propagation of small-amplitude elastic
waves de୮ୢned by
_x(X; t) = _ex(X) exp( iωt) ; (B.14)
where ω is the angular frequency of the propagating wave, and _ex denotes the magnitude of the incre-
mental displacement. It follows from B.13 that
_S(X; t) = _eS(X) exp( iωt) ; (B.15)
so that equations B.12 become
Div _eS = ρ0 ω2 _ex ; (B.16)
which represent the frequency-domain wave equations.
M঒ঌছঘজঌঘঙ঒ঌ ঒গজঝঊঋ঒ক঒ঝ঒঎জ Although microscopic (local) buckling modes may alter the initial
periodicity of the solid, they can be still detected by studying the response of a single unit cell and
investigating the propagation of small-amplitude waves with arbitrary wave vector K^ superimposed
on the current state of deformation49,12. While a real angular frequency ω corresponds to a propa-
gating wave, a complex ω identi୮ୢes a perturbation exponentially growing with time. Therefore, the
transition between a stable and an unstable con୮ୢguration is detected when the frequency vanishes
(i.e. ω = 0) and the new periodicity of the solid introduced by instability can be easily obtained by
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the corresponding wave vector.
To detect the onset of microscopic instabilities, we ୮ୢrst deform the primitive unit cell to a certain
extent and then investigate the propagation of elastic waves with di୭ferent wave vector
K^ = K^1B1 + K^2B2; (B.17)
K^1 and K^2 being two real numbers. For each wave vector K^, the angular frequency ω is determined
by solving the frequency domain equation B.16. In this analysis quasi-periodic boundary conditions
are applied, so that
_ex(X+ R^) = _ex(X) exp(iK^  R^); (B.18)
R^ denoting the distance in the current con୮ୢguration between each pair of nodes periodically lo-
cated on the boundary. Since most commercial ୮ୢnite-element packages do not support the complex-
valued displacements introduced by B.18, following Aberg and Gudmundson 129 we split any complex-
valued spatial function φ(X) into a real and an imaginary part,
φ(X) = φ(X)re + iφ(X)im: (B.19)
The problem is then solved using two identical ୮ୢnite-element meshes for the unit cell, one for the
real part and the other for the imaginary part, coupled by
_exre(X+ R^) = _exre(X) cos(K^  R^)  _exim(X) sin(K^  R^); (B.20)
_exim(X+ R^) = _exre(X) sin(K^  R^) + _exim(X) cos(K^  R^): (B.21)
A microscopic instability is detected at the ୮ୢrst point along the loading path for which a wave
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vector K^cr = K^1;crB1 + K^2;crB2 exist such that the corresponding angular frequency ω is zero. The
instability will result in an enlarged unit cell with n1  n2 primitive unit cells, where
n1 =
1
K1;cr
; and n2 =
1
K2;cr
: (B.22)
Mঊঌছঘজঌঘঙ঒ঌ ঒গজঝঊঋ঒ক঒ঝ঒঎জ Following Geymonat et al.49, we investigate macroscopic insta-
bilities by detecting loss of strong ellipticity of the overall response of the periodic structure. Speci୮ୢ-
cally, macroscopic instabilities may develop whenever the condition
(m
M) : [LH : (m
M)] > 0 ; (B.23)
for all m
M 6= 0 (B.24)
is ୮ୢrst violated along the loading path, LH denoting the homogenized incremental modulus.
In this study, 2D FE simulations on the primitive cell (see Fig. B.6) are performed to detect macro-
scopic instabilities applying periodic boundary conditions B.7. Operationally, af୴er determining the
principal solution, the components of LH are identi୮ୢed by subjecting the unit cells to four inde-
pendent linear perturbations of the macroscopic deformation gradient 12. Then loss of ellipticity is
examined by checking condition B.23 at every π=360 radian increment.
R঎জঞকঝজ Here, FE simulations are performed to compute both microscopic and macroscopic
instabilities under uniaxial compression for structures characterized by a wide range of void-volume-
fractions,ψ 2 (0:4; 0:6). Note that higher levels of porosity would lead to structures characterized
by very thin ligaments, making them fragile. On the other hand, for smaller values of porosity the
response of the structures would be highly a୭fected by the material nonlinearity.
The results of the instability analyses are summarized in Fig. B.6, where the critical strain for both
macroscopic and microscopic instability is reported as a function ofψ. As expected, the critical
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Figure B.6: Nominal strain ε at the onset of microscopic andmacroscopic instabilities as a function of the void-volume-
fractionψ. The results conﬁrm that microscopic buckling is always critical with for the considered range ofψ.
nominal strains at instability decrease for increasing values ofψ due to the reduction of the struc-
tural sti୭fness regardless of the types of instability. Interestingly, within the considered range of
void-volume-fraction for all con୮ୢgurations the critical nominal strains for microscopic instability is
found to be always smaller than that for macroscopic instability. Thus, these results indicate that for
all con୮ୢgurations the folded patterns induced by microscopic buckling will emerge for a wide range
of void-volume-fraction.
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C
Supporting Information for Chapter 4
C.1 Fঊঋছ঒ঌঊঝ঒ঘগ
We ୮ୢrst describe the response of the material we used to fabricate our samples, then provide a sum-
mary of all samples we fabricated for this study.
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C.1.1 Mঊঝ঎ছ঒ঊক
Natural latex rubber was used to fabricate the experimental samples for this study. The material was
purchased in sheet form (1/8 inch thick) fromMcMaster Carr. The response of the elastic sheets was
tested under uniaxial tension. The experimentally measured stress-strain curve is reported in Fig. C.1
(red line), from which the initial shear modulus was measured to be μ0 = 0:38 MPa.
The observed constitutive behavior is modeled as hyperelastic. Let F = @x@X be the deformation
gradient, mapping a material point from the reference position X to its current location x and J
be its determinant, J = detF. For an isotropic hyperelastic material the strain energy densityW
can be expressed as a function of the invariants of the right Cauchy-Green tensor C = FTF (or,
alternatively, also the lef୴ Cauchy-Green tensor B = FFT). In particular, the behavior of nearly
incompressible materials is e୭fectively described by splitting the deformation locally into volume-
changing (J1=3I) and distortional (F) components as
F = (J1=3I)F; (C.1)
where I denotes the identity matrix.
The response of the latex rubber’s is modeled using a Neo-Hookean hyperelastic material model,
modi୮ୢed to include compressibility (with a high bulk modulus).
W =
μ0
2 (I1   3) +
K0
2 (J  1)
2; (C.2)
where μ0 andK0 are the initial shear and bulk moduli and I1 = tr(F
TF). The nominal (୮ୢrst Piola-
Kircho୭ૄ) stress is then given by
S = @W
@F =

μ0devB+ K0J(J  1)

F T; (C.3)
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where B = FFT and dev is the deviatoric operator.
In all our simulations we usedK0=μ0  2500. Fig. C.1 shows that the Neo-Hookean model cap-
tures the behavior well up to a nominal strain of about 0.8 which covers the majority of the strain
levels studied.
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Figure C.1: Nominal stress versus nominal strain in uniaxial tension for the rubber sheet. Comparison between experi-
mental data andmodel predictions.
C.1.2 Sঞখখঊছঢ ঘএ এঊঋছ঒ঌঊঝ঎঍ জঊখঙক঎জ
In Table C.1 we provide a list of all samples fabricated and tested for this study.
.
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rhombi 
kagome  cut square  cut trihexagonal  cut Y  cut Z  cut
Rotational symmetry 6-fold 4-fold 6-fold 3-fold 2-fold
Axis of symmetry 0 2 0 3 0
θmin 0 0 0 0 0
θmax 60 45 60 30 90
Δθ 7:5 15 7:5 7:5 15
Table C.1: The symmetry of the cut patterns are summarized here. By taking advantage of the symmetry of the cut pat-
terns, we greatly reduce the range of the orientation angle θ to explore in our experiments. N-fold rotational symmetry
reduce the range of the orientation angle θ to

0; πN 

. Themirror symmetry further reduce the range to

0; π2N

.
The summarized reduced range of orientation angle θ to be explored listed in the above table, bounded by [θmin; θmax].
With in the range of orientation angle θ for each cut pattern, samples are fabricated everyΔθ.
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C.2 T঎জঝ঒গঐ
In this section we describe in detail the procedure we used to calculate the Poisson’s ratio, ν, from the
experimental tests.
C.2.1 Cঊকঌঞকঊঝ঒ঘগ ঘএ Pঘ঒জজঘগ’জ ছঊঝ঒ঘ এছঘখ ঎ডঙ঎ছ঒খ঎গঝজ
To quantify the deformation (and thus the Poisson’s ratio, ν) taking place in the porous structures
during the experiments, small marker dots (with diameter< 0:5mm) were engraved to mark the
vertices of the RVEs during the cutting step, as shown in Fig. 1 in the main text. The position of the
markers was recorded using a high resolution digital camera (Nikon D90 SLR) and then analyzed by
digital image processing (Matlab). In particular, we focused on the behavior of 9 RVEs in the central
part of the samples, where the response is more uniform and not a୭fected by boundary e୭fects. The
markers at the corners of the chosen RVEs were identi୮ୢed in the initial frame, and followed through
the loading process.
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Figure C.2: Schematic diagram of the central region with 9 RVEs, which are used to calculate ν. A[i; j] andB[i; j]
are the lattice vectors spanning the RVE in undeformed state, while a[i; j], b[i; j] are the lattice vectors in the
deformed state.
For each RVE, local homogenized values of the engineering strain "[i; j]xx and "[i; j]yy , using the fact
that the lattices vectors spanning the RVE in the deformed and undeformed con୮ୢguration are relat-
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ed through the deformation gradient, F[i; j], as
a[i; j] = F[i; j]A[i; j]; b[i; j] = F[i; j]B[i; j] (C.4)
where
F[i; j] =
0BB@"
[i; j]
xx + 1 "[i; j]xy
"
[i; j]
yx "
[i; j]
yy+1
1CCA (C.5)
Note that the the lattice vectors in Eq. (C.4) can be easily calculated from the positions of the mark-
ers as
A[i; j] =
0B@A[i; j]x
A[i; j]y
1CA = 12
0B@X[i; j]2   X[i; j]1 + X[i; j]3   X[i; j]4
Y[i; j]2   Y[i; j]1 + Y[i; j]3   Y[i; j]4
1CA (C.6)
B[i; j] =
0B@B[i; j]x
B[i; j]y
1CA = 12
0B@X[i; j]4   X[i; j]1 + X[i; j]3   X[i; j]2
Y[i; j]4   Y[i; j]1 + Y[i; j]3   Y[i; j]2
1CA (C.7)
a[i; j] =
0B@a[i; j]x
a[i; j]y
1CA = 12
0B@x[i; j]2   x[i; j]1 + x[i; j]3   x[i; j]4
y[i; j]2   y[i; j]1 + y[i; j]3   y[i; j]4
1CA (C.8)
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b[i; j] =
0B@b[i; j]x
b[i; j]y
1CA = 12
0B@x[i; j]4   x[i; j]1 + x[i; j]3   x[i; j]2
y[i; j]4   y[i; j]1 + y[i; j]3   y[i; j]2
1CA (C.9)
where (X[i; j]α , Y[i; j]α ) and (x[i; j]α , y[i; j]α ) denote the coordinated of the α-th vertex of the RVE in the
undeformed and deformed con୮ୢguration, respectively.
Finally, local homogenized values of the engineering strain for the RVE can be obtained as
F[i; j] =
0B@"[i; j]xx + 1 "[i; j]xy
"
[i; j]
yx "
[i; j]
yy+1
1CA =
0B@a[i; j]x ; b[i; j]x
a[i; j]x ; b[i; j]y
1CA
0B@A[i; j]x ; B[i; j]y
A[i; j]x ; B[i; j]y
1CA
 1
(C.10)
=
1
A[i; j]x B[i; j]y   B[i; j]x A[i; j]y
0B@a[i; j]x B[i; j]y   b[i; j]x A[i; j]y ;  a[i; j]x B[i; j]x + b[i; j]x A[i; j]x
a[i; j]y B[i; j]y   b[i; j]y A[i; j]y ;  a[i; j]y B[i; j]x + b[i; j]y A[i; j]x
1CA
(C.11)
since
0B@A[i; j]x ; B[i; j]y
A[i; j]x ; B[i; j]y
1CA
 1
=
1
A[i; j]x B[i; j]y   B[i; j]x A[i; j]y
0B@ B[i; j]y ;  B[i; j]x
 A[i; j]y ; A[i; j]x
1CA (C.12)
The local values of the engineering strain are then used to calculate local values of the Poisson’s
ratio as
ν[i; j] =   "
[i; j]
xx
"
[i; j]
yy
; (C.13)
and ୮ୢnally the ensemble average, ν =< ν[i; j] > of the nine central RVEs under consideration is
computed.
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Supporting Information for Chapter 6
D.1 T঑঎ঘছ঎ঝ঒ঌঊক খঘ঍঎ক এঘছ ঋঞঌঔক঒গঐ ঘএ ঊ জঞঙঙঘছঝ঎঍ ঎কঊজঝ঒ঌ ঙকঊঝ঎
To gain more insight into the response of surface attached cellular structures, we start by investi-
gating buckling of the individual cell edges consisting of rectangular plates of length l, height h and
thickness t (see Fig. 1a) subjected to isotropic swelling.
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D.1.1 Fঘঙঙক-টঘগ Kঊছখঊগ ঎હঞঊঝ঒ঘগজ
For the sake of simplicity, we focus on thin plates, so that shear deformations through the thickness
of the plate can be neglected, and consider a deformation that takes a point on the center-surface
with coordinates (x; y; 0) to its deformed state (x + ux(x; y); y + uy(x; y);w(x; y)). Assuming that
the thin plate may be described as a linear elastic material with Young’s modulus E, Poisson’s ratio ,
and bending sti୭fnessD = Et3=[12(1   ν2)], then balance of forces in the plane and out of the plane
directions leads to the Foppl-von Karman equations43,174:
σij;j = 0;D(w;xxxx + w;yyyy + 2w;xxyy   tw;ijσ;ij) = 0; i; j = x; y (D.1)
whereA;x = @A=@x. Assuming isotropic swelling, the in-plane stresses are given by
σij =
E
1+ ν ["ij +
ν
1  ν("xx + "yy)δij] 
E
1  ν"swδij (D.2)
where δij is the Kronecker delta, "ij = 12(ui;j + uj;i) +
1
2w;iw;j is the in-plane strain tensor and "sw
denotes the strain caused by swelling of the material.
D.2 Bঘঞগ঍ঊছঢ ঌঘগ঍঒ঝ঒ঘগজ
In a 2D cellular structure attached to a substrate that is very sti୭f and swells by a negligible amount,
clamped conditions can be assumed for each individual plate at y = 0,
ux(x; 0) = uy(x; 0) = w(x; 0) = w;y(x; 0) = 0 (D.3)
115
while the condition that the boundary at y=h is free of torques and forces implies that
σyy(x; h) = σxy(x; h) = 0; w;yy(x; h)+ νw;xx(x; h) = w;yyy(x; h)+(2  ν)w;xxy(x; h) = 0 (D.4)
Finally, in a lattice where the junctions cannot move but are free to rotate for each plate the
boundary conditions at x = 0; l read
ux(x; y) = w(x; y) = 0;w;xx(x; y) + w;yy(x; h) = 0; at x = 0; l (D.5)
D.3 Bঞঌঔক঒গঐ
We start by noting that Eqns. D.1-D.5 are identically satis୮ୢed when
ux(x; y) = w(x; y) = 0; uy(x; y) = "sw(1+ ν)y; (D.6)
resulting in uniform strains and stresses and zero de୯୳ection. However, this solution is not always
stable and above a critical value of swelling strain, "crsw, non-planar solutions appear. To test the sta-
bility of the solution Eq. D.6, we introduce incremental deformations as follows
~ui(x; y) = ui(x; y) + "u(1)i (x; y); ~w(x; y) = w(x; y) + "w(1)(x; y) (D.7)
where " is a small parameter that characterizes the size of the perturbation superimposed on the
୮ୢnite deformation. Introducing Eq. D.7 in Eq. D.1 and retaining only the ୮ୢrst order terms in ", a
single non-trivial incremental equilibrium equation is obtained
w(1);xxxx + 2w
(1)
;xxyy + w(1);yyyy +
Et"sw
D w
(1)
;xx = 0 (D.8)
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Assuming the out-of-plane de୯୳ection is of the form w(1)(x; y) = f(y) sin mπxl (m being an inte-
ger) on substituting it into Eq. D.8 and using the boundary conditions D.3-D.5, an ordinary di୭fer-
ential equation for f(y) is obtained
f;yyyy  
2m2π2
l2 f;yy + (
m4π4
l4  
Et"sw
D
m2π2
l2 )f = 0 (D.9)
The general solution of a fourth order di୭ferential equation like Eq. D.9 is given as,
f (y) = C1e αy + C2eαy + C3cos (βy) + C4sin (βy) (D.10)
where α and β are as following,
α =
s
m2π2
l2 +
r
m2π2Et"sw
Dl2 ; β =
s
 m
2π2
l2 +
r
m2π2Et"sw
Dl2 (D.11)
The coe୭୮ୢcients C1, C2, C3 and C4 in Eq. D.10 are determined by imposing the boundary condi-
tions D.3-D.5. More speci୮ୢcally, the boundary conditions D.3 are satis୮ୢed if
C1 =
C4β  C3α
2α ; C2 =  
C3α+ C4β
2α (D.12)
and the function f(y) can be represented in the form
f (y) = C3 [cos (yβ)  cosh (yα)] + C4

sin (yβ)  βα sinh (yα)

(D.13)
Substituting the above expression in Eq. D.4, we get two linear homogeneous equations in terms
of C3 and C4. The critical value of swelling strain, "crsw, is determined by equating to zero the deter-
minant of these equations.
We solve this boundary value problem numerically and study the normalized critical strain h
2"crsw
t2
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Figure D.1: Top views of hexagonal and square cellular structures. Notice that l is deﬁned as the center-to-
center distance between adjacent vertices. Themagniﬁed portions of the structure show the representative
volume elements (RVE) of the corresponding architecture.
and corresponding buckling modes as a function of the plate aspect ratio l=h, as shown in Fig. 1b. It
is interesting to observe that higher buckling modes (i.e. m > 1) can be achieved for increasing values
of l=h. By contrast, we notice that for a plate with free edges both at y = 0 and y = h only modes
with half wavelength (i.e. m = 1) are possible.
D.4 Nঞখ঎ছ঒ঌঊক জ঒খঞকঊঝ঒ঘগজ ঘএ ঋঞঌঔক঒গঐ এঘছ জঞঙঙঘছঝ঎঍ ঌ঎ককঞকঊছ জঝছঞঌঝঞছ঎জ
Since our analytical model is based on the theory for thin elastic plates, to fully account for the ef-
fect of thickness, we further investigated the buckling of surface-attached lattice structures using
non-linear ୮ୢnite element (FE) analyses. The FE calculations were conducted within the nonlinear
code ABAތUS/Standard, version 6.8-2. In the numerical analyses, buckling of cellular structures
of in୮ୢnite planar extent perfectly bonded to a rigid substrate was investigated and for that sake of
computational e୭୮ୢciency, the analyses were conducted on representative volume elements (RVEs)
(see Fig. D.1).
The instability of the structures was investigated conducting a Bloch wave analysis 10,169, a staple
of physics long used to examine electronic, photonic and phononic band structures in periodic lat-
tices. Although instabilities may alter the initial periodicity of the solid, they can be still detected
investigating the response of just one unit cell of the material introducing boundary conditions pro-
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vided by Bloch theory. While a real natural frequency corresponds to a propagating wave, a complex
natural frequency identi୮ୢes a perturbation exponentially growing with time. Therefore, the tran-
sition between a stable and an unstable con୮ୢguration is detected when the frequency vanishes and
the new periodicity af୴er instability is provided by the corresponding Bloch wave vector. Here, the
୮ୢnite-element method was used to perform the Bloch wave analysis 10.
Three-dimensional models corresponding to hexagonal and square lattices characterized by
(l/h=2, t/h=0.37) and (l=h = 3:17, t=h = 0:40) were constructed using 20-nodes, quadratic ele-
ments (ABAތUS element type C3D20). The accuracy of each mesh was ascertained through a mesh
re୮ୢnement study. In the analysis the bottom surface of the structures was considered to be perfectly
bonded to a rigid substrate, while the top surface was free. Moreover, a series of constraint equa-
tions were applied to the lateral surfaces of the RVE providing Floquet quasi-periodic boundary
conditions. The material was modeled as elastic nearly incompressible Neo-Hookean material and
swelling was used to induce buckling.
The results for the four structures (i.e. square and hexagonal lattices with (l=h = 2, t=h = 0:37)
and (l=h = 3:17, t=h = 0:40)) investigated in this study are reported in Figure D.2. The same
buckling mode predicted by the analytical model based on Foppl-von Karman equations is observed
in the structures. More speci୮ୢcally, for l=h = 2 and t=h = 0:37 buckling induces the formation
of an achiral pattern for both the hexagonal and square architecture. Di୭ferently, a chiral pattern is
induced by mechanical instabilities when l=h = 3:17 and t=h = 0:40. Finally, we note that for a
square lattice with l=h = 2 and t=h = 0:37 at the onset of instability the initial periodicity is broken,
leading to an enlarged RVE with 2 2 original RVEs.
The numerical simulations thus con୮ୢrm that by simply controlling the aspect ratio of supported-
cellular structure in initial honeycomb structure either achiral or chiral con୮ୢgurations can be formed.
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Figure D.2: (a) Critical bucklingmodes predicted by numerical analysis. Bucklingmodes predicted by the Bloch
wave analysis for supported hexagonal and square lattices with (l=h = 2, t=h = 0:37) and (l=h = 3:17,
t=h = 0:40). The handedness of adjacent vertices has been highlight with red (right-handed) or blue (left-
handed) arrows. The top views of buckled patterns are outlined by solid curves on the top surface of the
structure to facilitate visualization. (b) Critical bucklingmodes predicted by numerical analysis for supported
square lattices with t=h = 0:1, 0:3 and 0:5. The bucklingmode is found not to be affected by t=h. This
conﬁrms that buckling-induces pattern of supported cellular structures is dictated by the aspect ratio l=h.
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D.5 Eডঙ঎ছ঒খ঎গঝঊক ট঎ছ঒এ঒ঌঊঝ঒ঘগ ঘএ ঝ঑঎ জঝঊঋ঒ক঒ঝঢ ঍঒ঊঐছঊখ
Having ascertained the critical design parameters, to verify the validity of our analytical model we
fabricated surface-attached cellular structures with aspect ratio l/h that swept through di୭ferent
domains in the stability diagram. More speci୮ୢcally, we started with macro-scale honeycomb struc-
tures (l = 5mm) comprising 19 hexagons and made from silicone rubber (see Fabrication section
for details). We fabricated 13 samples with ୮ୢxed dimension in length and thickness (l = 5mm,
t = 0:9mm) and variable h, such that l=h = 1; 1:33; :; 4:66; 5, as indicated by markers spanning
across the three regime in Fig. D.3a. Immersing the architecture in hexane swelled the polymer, and
within a few seconds the initially straight cell walls buckled to yield either chiral, achiral or mixed
patterns (Fig. D.3b), as predicted by the stability diagram (Fig. 6.1). This set of experimental results
clearly con୮ୢrms the validity of our analytical model.
D.6 Fঊঋছ঒ঌঊঝ঒ঘগ
D.6.1 Mঊঌছঘ-জঌঊক঎ জঝছঞঌঝঞছ঎জ.
Macro-scale (l = 5mm) surface-attached hexagonal and square cellular structures were fabricated by
making negative molds using a 3D printer (Connex 500 available fromObjet, Ltd.) and replicating
positive structures with a silicone rubber (Elite Double 32 available from Zhermack). Before repli-
cation, a releasing agent (Easy Release 200 available from Smooth-On, Inc.) was sprayed on to the
molds for easy separation. The structures were attached to rigid back plates.
D.6.2 M঒ঌছঘ-জঌঊক঎ জঝছঞঌঝঞছ঎জ.
Twomicro-scale di୭ferent surface-attached hexagonal structures were fabricated for this study, with
aspect ratios that corresponded to both achiral (l=h = 2, t=h = 0:37) and chiral (l=h = 3:17,
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Figure D.3: Experimental veriﬁcation of the stability diagram. (a) To verify the validity of our analytical model,
we fabricatedmacroscale honeycomb structures (l = 5mm, t = 0:9mm, h = 1   5mm) made from sil-
icone rubber with different aspect ratio l=h, as indicated by themarkers in the stability diagram. (b) Buckling
patterns observed in samples with different l=h. Modes characterized bym = 1,m = 2 andm = 3 are
observed, exactly as predicted by the analytical model. Moreover, mixtures of modes withm = 1   2 and
m = 2  3 are found for geometries lying on the boundary of adjacent regimes (Figure S3(a)).
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t=h = 0:40) structures. The honeycomb structures yielding an achiral buckled pattern comprise
individual plates with a thickness of 3:7m, a length of 20m, and a height of 10m. The prochiral
structures consist of an array of plates with thickness of 2:5m, a length of 20m, and a height of
6:3m. The di୭ferent aspect ratio honeycomb structures used for this study were ୮ୢrst fabricated in
< 100 > Si wafers. The wafers were vapor primed with Hexamethyldisilazane (HMDS) to im-
prove photo resist adhesion. SPR700 was used as a resist. Nikon 5 i-line stepper was used to expose
the coated wafers followed by post exposure bake and resist development using Microposit MF
CD26. Descumming was performed prior to Bosch advanced silicon etch6 in an STS deep reactive
ion etching (DRIE) tool. C4F8 and SF6 chemistry was used for Si etching. Veeco pro୮ୢlometers and
cross sectional SEM (Zeiss) was used to characterize and optimize exposure conditions etch rate and
etch pro୮ୢle. The Si wafers were given a ୮ୢnal overcoat of C4F8 to aid in the replication process. Scal-
loping on the plates of honeycomb structures is the result of the Bosch etch process 104,5 and is also
visible in the polymer replicas. Replicas of the silicon masters were fabricated using sof୴ lithography-
based methods with commercially available UV-curable epoxy (UVO-114 from Epoxy Technology,
Billerica, MA) as described in a previous paper 125.
D.7 Bঞঌঔক঒গঐ-঒গ঍ঞঌ঎঍ ঙঊঝঝ঎ছগ এঘছখঊঝ঒ঘগ ঝ঑ছঘঞঐ঑ জঠ঎কক঒গঐ
Swelling was used to trigger instability in the considered supported cellular structures. Buckling
occurred due to compressive stresses arising from the geometric constraint that suppresses swelling
near the rigid substrate where the structure is clamped.
D.7.1 Mঊঌছঘ-জঌঊক঎ জঝছঞঌঝঞছ঎জ.
Instability of fabricated structures was induced by swelling the structures with hexane. We start-
ed by rapidly immersing the samples in hexane. We observed the formation of buckled pattern-
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s in excellent agreement with the analytical predictions, but characterized by multiple domains
that evolved from di୭ferent nucleation sites. To make defect-free samples, we carefully controlled
nucleation and propagation of the pattern. A plastic tube (Intramedic polyethylene tubing with
ID=0:38mm, OD=1:09mm available from Becton, Dickinson and Company) was used to gradual-
ly wet the samples starting from a single location and the solvent was introduced through a syringe
pump (PHD 2000 available fromHarvard Apparatus) at a ୯୳ow rate of 0:1   0:4mL=min. The
resulting patterns were recorded using Nikon D90 digital SLR camera.
D.7.2 M঒ঌছঘ-জঌঊক঎ জঝছঞঌঝঞছ঎জ.
Buckling was induced by swelling the structures withN -methyl-2-pyrrolidone (NMP) (available
from Sigma Aldrich). We started by rapidly immersing the structures in the solvent, leading to the
formation of multiple domains. To make defect-free samples, we ୯୳oated them on the solvent so
that the structure swelled from one side by wetting. The resulting patterns were recorded by optical
microscope (Leica DMRX connected to a ތImaging Evolution VF cooled color CCD camera).
D.8 Bঞঌঔক঒গঐ-঒গ঍ঞঌ঎঍ ঙঊঝঝ঎ছগ এঘছখঊঝ঒ঘগ ঝ঑ছঘঞঐ঑ ঌঘখঙছ঎জজ঒ঘগ
We demonstrated that the pattern formation can be extended to di୭ferent stimuli, by inducing buck-
ling through mechanical loading. We performed compression experiment on microscale honeycomb
structures made of UV curable epoxy and comprising an array of plates with a thickness of 3:7 m, a
length of 20 m, and a height of 10 m (l=h = 2, t=h = 0:37). Figure D.4 shows the compressed (lef୴)
vs. uncompressed (right) areas of a single sample. An exceptionally uniform achiral buckled pattern
is observed in the compressed area.
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Figure D.4: Scanning electronmicroscope (SEM) image of buckled patterns formed by compression of surface-
attached honeycombs. Compression was applied to the left half of a micro-scale honeycomb structure (l/h=2,
t/h=0.37). The compressed region shows a uniform, 1 st mode buckled pattern.
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E
Supporting Information for Chapter 5
E.1 P঎ছ঒ঘ঍঒ঌ গ঎ঝঠঘছঔজ ঘএ ছ঒ঐ঒঍ ঙঘকঢঐঘগজ
To identify periodic porous elastic structures with multiple folding mechanisms, we investigate the
୯୳exibility of periodic planar networks built from rigid corner-connected (hinged) polygons, which
can rotate freely around the hinges. First, we show that a network of connected squares has a single
folding mechanism. Then, as previously demonstrated by Guest et al.76, we show that in planar
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networks built from equilateral triangles the number of folding mechanisms grows with the size of
unit cell.
E.1.1 N঎ঝঠঘছঔ ঘএ ছ঒ঐ঒঍ জહঞঊছ঎জ
We start by investigating the folding mechanisms of a network of connected squares. To demon-
strate that this structure has a single folding mechanism, we consider unit cells of di୭ferent sizes and
determine their folding mechanisms by enforcing geometric compatibility. We ୮ୢrst focus on a unit
cell consisting of two connected squares and show that in this case no folding mechanism is support-
ed by the network. Then, we consider a unit cell comprising four squares and show that in this case
only one folding mechanism exists. Our simple analysis can be extended to larger unit cells, indicat-
ing that only one single folding mechanism is possible for this network (for the sake of brevity here
we do not report results for unit cells with more than four squares).
Uগ঒ঝ ঌ঎কক ঠ঒ঝ঑ ঝঠঘ জહঞঊছ঎জ
Figure E.1: Geometrical compatibility of a unit cell with two squares. θ1 indicates the rotation angle of the light-green
square. Geometrical compatibility between adjacent unit cells requires the red and bluemarkers overlap.
Here we consider a unit cell consisting of two corner-connected squares with edge L0 (see Fig.
E.1-a). If one of the two squares rotate by an angle θ1, geometrical compatibility requires that the red
and blue circular markers in Fig. E.1-c overlap, yielding
L0 cos(π) + L0 cos
π
2 + θ1

+ L0 cos(0+ θ1) + L0 cos( π2 ) = 0; (E.1)
L0 sin(π) + L0 sin(
π
2 + θ1) + L0 sin(0+ θ1) + L0 sin( 
π
2 ) = 0:
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Figure E.2: Geometrical compatibility of a unit cell with four squares. θ1 indicates the rotation angle of the light-green
squares. Geometrical compatibility between adjacent unit cells requires that the red and bluemarkers overlap in pairs
(i.e. red round/diamondmarker overlap with blue round/diamondmarkers).
Figure E.3: The foldingmechanism for a network of rigid squares. (a) Expanded conﬁguration. (b) Partially folded conﬁg-
uration.
It is easy to show that Eqs. (E.1) are both satis୮ୢed only when θ1 = 0, indicating that no folding
mechanism is supported by the network when a unit cell consisting of two squares is considered.
Uগ঒ঝ ঌ঎কক ঠ঒ঝ঑ এঘঞছ জહঞঊছ঎জ
Next, we focus on a unit cell consisting of four corner-connected squares with edge L0 (see Fig. E.2-
a). First, we notice that compatibility within the unit cell requires that opposite squares undergo the
same rotation. Therefore, without loss of generality, we assume that two of the four squares rotate
by an angle θ1 and two do not rotate (see Fig. E.2-b). It is easy to see that in this case compatibility
between adjacent unit cells is also satis୮ୢed (Fig. E.2-c and d), indicating that the folding mechanism
shown in Fig. E.2-d is supported by the structure. Although, for the sake of brevity, here we do not
include analysis for unit cells of larger size, these are straightforward. Such analysis indicate that this
folding mechanism is the only one supported by the structure, resulting in a pattern of rhombic,
elongated holes with the major axis perpendicular to each other (see Fig. E.3).
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Figure E.4: Geometrical compatibility of a unit cell with two triangles. θ1 indicates the rotation angle of the light-green
triangle. Geometrical compatibility between adjacent unit cells requires the red and bluemarkers overlap.
Figure E.5: The foldingmechanism of network of rigid triangles with a unit cell with two triangles. (a) Expanded conﬁgu-
ration. (b) Partially folded conﬁguration.
E.1.2 N঎ঝঠঘছঔ ঘএ ছ঒ঐ঒঍ ঝছ঒ঊগঐক঎জ
We now proceed to investigate the folding mechanisms of a network of connected triangles arranged
to form a kagome structure. First, we consider a unit cell consisting of only two triangles, which is
the smallest unit cell for the network, and identify one folding mechanism for the system. Then,
we focus on a larger unit cell comprising four triangles and ୮ୢnd an additional folding mechanism.
Finally, we establish a simple rule that enables us to easily construct the folding mechanisms for unit
cells of arbitrary size.
Uগ঒ঝ ঌ঎কক ঠ঒ঝ঑ ঝঠঘ ঝছ঒ঊগঐক঎জ
Here we consider a unit cell consisting of two corner-connected triangles with edge L0 (see Fig. E.4-
a). If one of the two triangles rotates by an angle θ1 (see Fig. E.4-b), geometrical compatibility re-
quires that the red and blue circular markers in Fig. E.4-c overlap, yielding
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Figure E.6: Geometrical compatibility of a unit cell with four triangles. θ1, θ2, and θ3 indicates the rotation of the green,
light-green and yellow triangles, respectively. Geometrical constraints between adjacent unit cells require the red and
bluemarkers overlap.
L0 cos(
2π
3 ) + L0 cos(
π
3 + θ1) + L0 cos(0) + L0 cos( 
π
3 (E.2)
+θ1) + L0 cos( 2π3 ) + L0 cos( π+ θ1) = 0; (E.3)
L0 sin(
2π
3 ) + L0 sin(
π
3 + θ1) + L0 sin(0) + L0 sin( 
π
3
+θ1) + L0 sin( 2π3 ) + L0 sin( π+ θ1) = 0: (E.4)
It is easy to see that Eqs. (E.2) are automatically satis୮ୢed for any choice of 0 < θ1 < 2π=3, indi-
cating that the folding mechanism shown in Fig. E.4-d is supported by the structure. Such folding
mechanism results in the formation of a pattern where all hexagonal holes progressively reduce to 3
point star-like shapes (see Fig. E.5).
Uগ঒ঝ ঌ঎কক ঠ঒ঝ঑ এঘঞছ ঝছ঒ঊগঐক঎জ
Next, we focus on a unit cell comprising of four corner-connected triangles, as shown in Fig. E.6-a.
Without loss of generality we assume that one triangle does not rotate, while the other three trian-
gles rotate by angles θ1, θ2 and θ3 (Fig. E.6-b). Geometrical compatibility between adjacent unit cells
130
Figure E.7: The additional foldingmechanism of network of rigid triangles with a unit cell of four triangles. (a) Expanded
conﬁguration. (b) Partially folded conﬁguration.
requires
L0 cos(
2π
3 ) + L0 cos(
π
3 + θ1) + L0 cos(θ2) + L0 cos( 
π
3 (E.5)
+θ1) + L0 cos( 2π3 ) + L0 cos( π+ θ3) = 0; (E.6)
L0 sin(
2π
3 ) + L0 sin(
π
3 + θ1) + L0 sin(θ2) + L0 sin( 
π
3
+θ1) + L0 sin( 2π3 ) + L0 sin( π+ θ3) = 0; (E.7)
which can be easily simpli୮ୢed to
  1+ cos(θ1) + cos(θ2)  cos(θ3) = 0; (E.8)
sin(θ1) + sin(θ2)  sin(θ3) = 0:
Eqs. (E.8) are automatically satis୮ୢed for
8><>: θ1 = θ3;θ2 = 0; (E.9)
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and 8><>: θ1 = 0;θ2 = θ3: (E.10)
The ୮ୢrst solution (Eqs. (E.9)) results in the formation of the same pattern found when investigat-
ing the unit cell consisting of two triangles, as shown in Fig. E.5. The second solution (Eqs. (E.10))
is associated to the formation of a pattern of sheared voids where the shear direction alternates back
and forth from row to row (see Fig. E.7).
E.1.3 Fঘক঍঒গঐ খ঎ঌ঑ঊগ঒জখজ এঘছ কঊছঐ঎ছ ঞগ঒ঝ ঌ঎ককজ
Additional folding mechanisms for the kagome network can be identi୮ୢed by repeating similar cal-
culations as reported above for larger unit cells. Furthermore, the construction of additional folding
mechanisms is greatly facilitated by the observation that geometric compatibility requires the tri-
angles to rotate byα (i.e. by the same amount either in clockwise or anti-clockwise direction, see
magenta and cyan triangles in Fig. E.8) or not to rotate at all (i.e. α = 0, see yellow triangles in Fig.
E.8). Although here, for the sake of brevity, we do not report the calculations to identify the folding
mechanisms for larger unit cells, in Fig. E.8 we show several of them.
E.2 F঒গ঒ঝ঎ Eক঎খ঎গঝ S঒খঞকঊঝ঒ঘগজ
E.2.1 Sঝঊঋ঒ক঒ঝঢ ঊগঊকঢজ঒জ: ঌ঑঒ছঊক ঙঊঝঝ঎ছগ ঊজ ক঒গ঎ঊছ ঌঘখঋ঒গঊঝ঒ঘগ ঘএ ঝ঑঎ X- ঊগ঍
Z-খঘ঍঎
As shown in Fig. 3 of the main text our stability analysis reveals that for all considered values of θ
(i.e. π < θ < 3π=2), the X- and Z-modes are always triggered either as ୮ୢrst or second mode. In
particular, for π < θ < 5π=4 the critical loading parameter λcr associated to the X-mode is found
to be always lower than that associated to the Z-mode, so that the X-mode is expected to emerge
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Figure E.8: Nine foldingmechanisms for a triangular network of connected triangles. The unit cell for each folding
mechanism is outlined in black.
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Figure E.9: Schematic illustration of superimposition of X- and Z-modes. The chiral mode appears by a linear combina-
tion of the X- and Z-modes.
during deformation for this range of loading path angles. By contrast, the Z-mode is expected to be
triggered when 5π=4 < θ < 3π=2, since in this case the lowest critical loading parameter is that cor-
responding to the Z-mode. Interestingly, for θ = 5π=4 both the X- and Z-modes are characterized
by the same critical loading parameter, so that any linear combination of the two modes is a valid
eigenmode.
In Fig. E.9 we report both the X- and Z-modes and three linear combinations of them. Inter-
estingly, one of these linear combinations corresponds to a chiral pattern comprising six highly de-
formed voids surrounding an undeformed one, resembling that reported in Fig. 1-e of the main text
for the kagome network.
Next, guided by the stability analysis we conduct a post-buckling analysis on a RVE consisting of
22 unit cells by applying periodic boundary conditions and introducing a geometrical imperfec-
tion with the form of the ୮ୢrst two eigenmodes (i.e. a linear combination of the X- and Z- modes).
As shown in Fig. 4-c of the main text, for θ = 5π=4 a chiral pattern resembling that reported in Fig.
E.9 emerges.
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E.2.2 Eকঊজঝ঒ঌ ঠঊট঎ ঙছঘঙঊঐঊঝ঒ঘগ ঊগঊকঢজ঒জ
In order to obtain the dispersion relation for a triangular array of circular holes in an elastomeric
matrix and to investigate the e୭fect of the applied deformation on the propagation of elastic waves,
frequency domain wave propagation analyses are performed on both the undeformed and deformed
con୮ୢgurations generated by the post-buckling analysis using the ୮ୢnite element method 11,175. To
work with the complex-valued displacements of the Bloch-wave calculation within the con୮ୢnes of
a commercial code, all ୮ୢelds are split into real and imaginary parts 11. In this way the equilibrium
equations split into two sets of uncoupled equations for the real and imaginary parts. Thus, the
eigenfrequency ω can be computed for any wave vector k using two identical ୮ୢnite-element meshes
for the RVE, one for the real part and the other for the imaginary part, and coupling them by Bloch-
type displacement boundary conditions.
The phononic bandgaps are identi୮ୢed by checking all eigenfrequency ω(k) for all k vectors in
the irreducible Brillouin zone. The bandgaps (i.e. range in frequencies for which the propagation
of waves is barred) are given by the frequency ranges within which no ω(k) exists. Numerically, a
discrete set of k vectors in the irreducible Brillouin zone need to be chosen in the analysis. For the
simulations presented in this paper, ୮ୢve-segment wave-vector paths G  X M  G  Y M
de୮ୢning the perimeter and the diagonal of the irreducible Brillouin zone are considered and the
eigenfrequencies ω(k) are calculated for twenty points uniformly distributed on each line segment.
Note that all the calculations are performed on an enlarged unit cell (comprising 22 unit cell-
s) with size dictated by the new periodicity introduced by buckling, as shown in Fig. E.10-a. Such
RVE is spanned by the lattice vectors a1 = [a; 0] and a2 = [0;
p3a], where a is the center-to-center
distance between adjacent holes and can be expressed as a function of the porosityψo and hole di-
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Figure E.10: (a) Schematic of the structure in the undeformed conﬁguration. The considered RVE spanned by the lattice
vectors a1 and a2 is shown in grey. (b) The corresponding Brillouin zone in reciprocal space is spanned by the vectors b1
andb2.
ameterD0 as a = (
p3πD20
6ψo )
1=2
. Therefore the reciprocal space is de୮ୢned by,
b1 = 2π
a2  z
k z k2 ; b2 = 2π
z a1
k z k2 ; (E.11)
where z = a1  a2.
E.3 Eডঙ঎ছ঒খ঎গঝজ
E.3.1 B঒ঊড঒ঊক ঌঘখঙছ঎জজ঒ঘগ ঝ঎জঝজ
To verify ୮ୢndings from numerical models that showmultiple folding mechanisms depending on
the loading directions, we did experiments using a custom set-up that can control the loading in two
orthogonal directions independently providing the capability to test the sample in arbitrary biaxial
loading conditions. (see Fig. E.11-a)
Biaxial compression tests were conducted on two perpendicularly placed linear quasi-static stages
(model SLP-35 fromNippon Pulse America Inc.) in a displacement-controlled manner. The stages
were con୮ୢgured to realize an optimal spatial resolution of 1 μm. The ୮ୢne movement of the stages
was coordinated through a LabView program and the ratio between the engineering strains in two
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Figure E.11: (a) Picture of the biaxial setup used for our compression test. (b) Sketch of the biaxial compression ﬁxture
whused for our compression experiments.
directions was kept constant during the biaxial test. The specimens were compressed through a set
of customary compression ୮ୢxtures, which were designed to ensure them not to collide during the
compression tests (see Fig. E.11-b). The overall ୮ୢxture set consisted of two pairs of parts with each
pair for the compressive movement in one of two orthogonal directions. The specimen was not
clamped to the ୮ୢxtures because the friction between the specimen and ୮ୢxture surface was enough
to hold the specimen. Lubricant was used on surfaces of ୮ୢxtures to reduce friction and boundary
e୭fects. The compression tests were performed at the cross-head velocity of 5mm=min until the
structure was densi୮ୢed. During the test, a Nikon D90 SLR camera was used to capture the result-
ing patterns from the sample.
E.3.2 Wঊট঎ ঙছঘঙঊঐঊঝ঒ঘগ ঝ঎জঝজ
To investigate the e୭fect of di୭ferent instability-induced patterns on the propagation of small ampli-
tude elastic waves in the periodic structure, we conducted wave propagation tests for the the ude-
formed sample and for three deformed con୮ୢgurations obtained by di୭ferent loading path angles
θ = π, 5π=4 and 3π=2, but under the same areal strain, εArea =  0:24.
The overall set-up for the tests is shown in Fig. E.12. All components were placed on top of a
passive optical table (model PTM11104 from Thorlabs) to isolate from ambient vibrations. First, a
Gaussian white noise was generated from the ampli୮ୢer and was used to control the shaker (mod-
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Figure E.12: Picture of the set-up used for our wave propagation tests.
el K2025E013 from TheModal Shop). The dynamic response was recorded using a miniature ac-
celerometer (352C22 PCB Piezotronics) attached to the far end of the sample. To apply a uniform
in-plane wave, we used a PTFE (Polytetra୯୳uoroethylene ) block to increase the contact area between
the shaker and the sample. Furthermore, to e୭fectively transmit the vibration from the shaker to the
sample, all contact interfaces (shaker/PTFE block, PTFE block/sample, sample/accelerometer) were
temporarily super-glued.
The input force signals were detected at the shaker (input) from a load cell. The acceleration at
the far end of the sample (output) was detected using an ultra-light piezo-electric accelerometer.
The detected signal was acquired through a data acquisition module and further processed and
recorded by a computer. The transmittance was computed as the ratio between the output accel-
eration signal recorded at the far end of the sample and the input force signal from the load cell (i.e.,
kA(ω)=F(ω)k).
A bench vise was used to apply the desired value of deformation to the sample (see Fig. E.13). In
Fig. E.13-b and -c we show the sample deformed into the in X-mode and Z-mode, respectively. In
these cases, the shaker was directly connected to one end of the sample. Di୭ferently, when the sys-
tem was deformed equibiaxially, four clamps are needed, so that all four edges of the sample were in
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Figure E.13: (a) Picture of the undeformed sample with the shaker and accelerometer connected to it. (b) Picture of
the sample deformed into the X-modewith the shaker and accelerometer connected to it. (c) Picture of the sample
deformed into the Z-modewith the shaker and accelerometer connected to it. (d) Picture of the sample deformed into
the chiral modewith the shaker and accelerometer connected to it.
contact with the ୮ୢxture (see Fig. E.13-d). In this case the input wave from the shaker was transmit-
ted through an inserted long rod and the output wave was detected from another inserted long rod
away from the input.
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F
Supporting Information for Chapter 7
F.1 Fঊঋছ঒ঌঊঝ঒ঘগ
We ୮ୢrst describe the direct ink writing approach used to fabricate most of our structures, followed
by a brief description of the manufacture of larger structures using a molding approach.
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F.1.1 D঒ছ঎ঌঝ IগঔWছ঒ঝ঒গঐ
Samples were manufactured using direct ink writing, a facile extrusion-based 3D printing method.
A viscoelastic polydimethylsiloxane (PDMS) ink was extruded through a tapered nozzle (with var-
ious nozzles used depending on the desired structure size—200 μm inner diameter tapered nozzle
fromNordson EFD and 102 μm and 51 μm tapered nozzles from GPDGlobal). Ink extrusion was
pressure controlled via Nordson EFDUltimus V pressure box, with the nozzle precisely positioned
using a custom 3D positioning stage (Aerotech). Fig. F.1 shows a few images of the printing process
in which 3D architectures are fabricated in a layerwise build sequence.
Figure F.1: a,b,c,d, Images of the direct ink writing process, in which a viscoelastic PDMS ink is extruded in ﬁlamentary
form using a custom-built 3D robotic stage.
The PDMS-based ink is created by mixing Dow Corning SE-1700 (85 wt.ॎ) with Dow Corning
Sylgard 184 (15 wt.ॎ). The viscoelastic yield properties are tailored to ensure that the uncured ink
both ୯୳ows readily during printing, yet maintains its shape until it is permanently cross-linked in a
subsequent curing step (100C for 30 min). Af୴er curing, the horizontal supporting members of the
structure are in୮ୢlled with epoxy (Momentive Epon 828) to prevent structural bending that would
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disrupt the precise geometries of the elastomeric beams. As a result, the mechanical deformation
of the printed structures is determined solely by the elastomeric beams. The shear-thinning and
viscoelastic yield behavior of the PDMS ink is shown in Fig. F.2. Rheology measurements were
made using a TA Instruments AR 2000EX rheometer with both 40 mm diameter plates (both ୯୳at
as well as 2 cone).
Figure F.2: a The viscosity of the PDMS ink is shown for shear rates relevant to the extrusion used during 3D printing. b
The shear elastic and loss moduli of the ink as a function of shear stress.
The cured PDMS ink was tested under uniaxial tension using a single-axis Instron. The tests
show that the material exhibits a behavior typical for elastomers: large strain elastic behavior with
negligible rate dependence and negligible hysteresis during a loading-unloading cycle. The material
behavior at a strain rate of 0.0087 s 1 is reported in Fig. F.3. The observed constitutive behavior is
modeled as hyperelastic. Let F = @x@X be the deformation gradient, mapping a material point from
the reference position X to its current location x and J be its determinant, J = detF. For an isotropic
hyperelastic material the strain energy densityW can be expressed as a function of the invariants
of the right Cauchy-Green tensor C = FTF (or, alternatively, also the lef୴ Cauchy-Green tensor
B = FFT). In particular, the behavior of nearly incompressible materials is e୭fectively described by
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splitting the deformation locally into volume-changing (J1=3I) and distortional (F) components as
F = (J1=3I)F; (F.1)
where I denotes the identity matrix.
The PDMS stress-strain behavior is modeled using a Neo-Hookean model, modi୮ୢed to include
compressibility (with a high bulk modulus):
W =
μ0
2 (I1   3) +
K0
2 (J  1)
2; (F.2)
where μ0 andK0 are the initial shear and bulk moduli and I1 = tr(F
TF). The nominal (୮ୢrst Piola-
Kircho୭ૄ) stress is then given by
S = @W
@F =

μ0devB+ K0J(J  1)

F T; (F.3)
where B = FFT and dev is the deviatoric operator
The material was modeled as nearly incompressible, characterized byK0=μ0  2500. From the
uniaxial tension data shown in Fig. F.3, the initial shear modulus was measured to be μ0 = 0:32
MPa. Fig. F.3 shows that the Neo-Hookean model captures the behavior very well up to a strain of
about 1.0 which covers the majority of the strain levels studied.
F.1.2 Mঘক঍঒গঐ Aঙঙছঘঊঌ঑
Tomanufacture larger structures (i.e., for L at the centimeter scale or larger) a molding approach
is used. First, a negative mold was fabricated using a 3D printer (Connex 500 available fromOb-
jet, Ltd.) with VeroBlue (product number: RGD840, Objet) material. Then, the structures were
cast using a silicone rubber (MoldMax 10 from Smooth-On). Before replication, a releasing agent
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Figure F.3: Nominal stress versus nominal strain in uniaxial tension for the cured PDMS-based ink. Comparison between
experimental data andmodel predictions.
(Easy Release 200 available from Smooth-On, Inc.) was sprayed on to the molds for easy separation.
The casted mixture was ୮ୢrst placed in vacuum for degassing and was allowed to set at room tempera-
ture for curing.
In the resulting structures each beam has length L = 6 mm, thickness t = 1 mm and out-of-plane
height d=30 mm to minimize out-of-plane buckling. The overall sizes of the sample isW(width) 
H(height)D(thickness) = 10:610:83:0 cm. As shown in Fig. F.5, the structure is characterized
by multiple stable con୮ୢgurations that can be triggered by applying a compressive force and that are
maintained also when the force is removed.
Figure F.4: a, 3Dmodel of the negativemold. b, Samplemanufactured using themold and cast approach.
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Figure F.5: Sequential images of amultistable structuremanufactured using amold and cast approachwhen loaded by
hands. The structure is clearly multistable, retaining its deformed shape after release.
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F.2 T঎জঝ঒গঐ
In this Section we describe the mechanical tests that we used to characterize the response of the
structures.
F.2.1 Uগ঒ঊড঒ঊক Cঘখঙছ঎জজ঒ঘগ T঎জঝজ
For stress-strain measurements, we used an Instron 5566 universal testing machine with a 10 N load
cell. The specimens were compressed using ୯୳at compression ୮ୢxtures. To test whether their response
was rate-dependent, they were compressed at three di୭ferent speeds—10 mm/s, 1 mm/s and 0.1 m-
m/s (in addition to higher rate impact tests discussed elsewhere). During the tests, the deformation
of the samples was recorded every two seconds using a Nikon D90 digital SLR camera.
In most of our tests the specimens were unattached to the compression ୮ୢxtures. In this case, the
samples brie୯୳y lost contact with the compression plates during loading af୴er the snap-though insta-
bility (see Fig. F.6a, third snapshot), resulting in a zero measured force during this time (see Fig. 3b
in the main text and Fig. F.7). Moreover, if the structure is multistable, the deformed con୮ୢguration
is retained af୴er unloading.
In a di୭ferent set of tests the samples were glued to the compression plates. As shown in Fig. 3b
in the main text and Fig. F.7 (continuous blue line), in this case the brief period of tensile reaction
force occurring af୴er the instability is recorded. Note that for the glued sample the initial con୮ୢgura-
tion was always recovered af୴er unloading since the glue allowed a tensile force to be applied to the
structure during withdrawal of the compression plate (see Fig. F.6b).
Finally in Fig. F.7, we show the raw data collected from the compression test of the multistable
structure shown in Fig. 3a in the main text (the normalized data are reported in Fig. 3b in the main
text). Note that the measured force required to collapse a line of beams (Fcollapse  3:1N) is in ex-
cellent agreement with the acceleration peaks observed during the drop tests (a  80 m/s2, see
146
Figure F.6: a, Sequential images of the unattached bistable unit cell loaded vertically. The sample lost contact with the
upper plate during loading after the instability and retained its deformed shape after unloading. b, Sequential images
of the glued bistable unit cell loaded vertically. The sample was always attached to the plates and recovered its original
shape after unloading.
Fig. 4a-b in the main text). In fact, this value of acceleration corresponds to a force F = m  a =
0:125 g  80m=s2 = 10N (m = 0:125 g being the mass of the egg), that is approximately 3Fcollapse,
with the factor three introduced because three identical samples arranged in parallel were used for
the drop tests (see Fig. F.8a-b).
Figure F.7: Force-displacement curves for themultistable structure shown in Fig 2a of themain text at multiple strain
rates. The overall dimensions of the sample areWHD=68:5 52 14:8mm3
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F.2.2 Dছঘঙ T঎জঝজ
We also characterized the ability of the system to provide protection during impact by dropping the
samples from di୭ferent heights, h, while recording the acceleration with a piezoelectric accelerometer
(PCB Piezotronics, Inc., model number: 352C23) attached to their top. The acceleration was record-
ed at intervals of 0.1 ms using a National Instrument data acquisition system (NI 9234). To limit the
out-of-plane motion, we used three identical samples connected in parallel by an acrylic ୮ୢxture (see
Fig. F.8a-b). Moreover, to ensure accuracy and consistency across the measurements, a set-up com-
prising a slide rail and a stage was used to guide the fall of the sample (see Fig. F.8c). We conducted
experiments by dropping the samples from three di୭ferent heights (h = 5.0 cm, 7.5 cm and 10.0
cm) and repeated each test 10 times. All experiments were conducted on an optical table (Newport
Corporation).
Figure F.8: a,b, Two different views of the assembled structure used for the drop tests. It consists of three identical
multistable structures connected in parallel by an acrylic ﬁxture on top and bottom; c,Dropping tower set-up consisting
of a rail and a stage.
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To illustrate the energy-absorbing capability of our multistable structures, we also dropped mul-
tistable and control samples with raw eggs attached to their top. Also in this case, we used three
identical samples connected in parallel by an acrylic ୮ୢxture (see Fig. F.8a-b) and the slide rail and
stage (see Fig. F.8c). The samples were tested by dropping them from h = 12:5 cm with a raw egg
attached on their top using a thin layer of adhesive (VHB tape). The eggs were placed such that the
load from the impact was applied to their shortest axis. The drop test was recorded using a Phantom
V9 high speed camera at 1000 pictures per second. Movie S5 shows a comparison between the mul-
tistable (lef୴) and control (right) sample. Note that the movie is played at 20 fps (i.e. 50 times slower
than the actual time scale). As shown in Fig. 4e in the main text, the eggs attached to the energy-
absorbing structure could be preserved while the eggs on the control samples broke upon impact.
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F.3 Nঞখ঎ছ঒ঌঊক জ঒খঞকঊঝ঒ঘগজ
F.3.1 F঒গ঒ঝ঎ Eক঎খ঎গঝ ঊগঊকঢজ঒জ ঘএ ঎কঊজঝ঒ঌ ঝ঒কঝ঎঍ ঋ঎ঊখজ
The commercial ୮ୢnite element (FE) code ABAތUS/Explicit (version 6.12) was used for simulat-
ing the response of elastic beams characterized by di୭ferent combinations of θ and t=L. Assuming
plane strain conditions, 2D FE models were constructed using ABAތUS element type CPE6MH
and accuracy of each mesh was ascertained through a mesh re୮ୢnement study. Each tilted beam was
deformed by applying a vertical displacement to one of the ends, while completely constraining
the motion of the other end. Moreover, the motion in the horizontal direction was constrained, as
shown in Fig. 2c in the main text. ތuasi-static conditions were ensured by monitoring the kinetic
energy and introducing a small damping factor. The response of the material was captured using
an almost incompressible Neo-Hookean model with initial shear modulus μ0 = 0:32 MPa and
K0=μ0 = 2500.
In each simulation, we monitored the evolution of the reaction force in the vertical direction. We
then used the force-displacement data to calculate both the energy absorbed by the beam (Ein) and
the energy cost for the beam to snap back to its undeformed con୮ୢguration (Eout). The results are
reported in Tables F.1 and F.2 (these data were used to generate the surface plots reported in Fig. 2e
in the main text).
It is useful to compare these results to those obtained by experiments. We were particularly in-
terested in understanding the transition between snap-through behavior with bistability and snap-
through behavior without bistability. Fig. F.9 shows a comparison of experimental and simulated
responses in this region of geometries, with the numbers indicating the Eout energy barrier as shown
in Table F.2. The region of bistability determined experimentally is merely a subset of the region
obtained with simulations. The simulated bistable region includes all shaded and colored cells in
Fig. F.9. The grey cells indicate a subset of those geometries that are predicted to be bistable by sim-
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ulations, but for which experiments show a snap-through response without bistability. Notice that
these Eout energy values tend to be an order of magnitude smaller than the corresponding Eout values
for the most stable con୮ୢgurations (i.e., those on the far lef୴ of the bistable region). In other words,
the energy barrier to recovery is predicted by simulations to be very small for the right of the table.
As a result, any small defects in the manufactured structures in this region would be su୭୮ୢcient to
disrupt bistability, resulting in rapid recovery of the initial con୮ୢguration upon unloading. Anoth-
er region of discrepancy is indicated as the “Transition” zone (green stripes) in Fig. F.9. Here, Eout
values are still su୭୮ୢciently small that a combination of manufacturing defects and material time de-
pendency are able to disrupt bistability. This zone consisted of geometries that exhibit ambiguous
experimental results (e.g., for samples with the same prescribed geometry some were bistable and
some were not, due to subtle imperfections) or geometries that were initially bistable upon loading,
but soon recovered due to viscoelastic time dependency in the PDMS beams.
Table F.1: Normalized energy absorbed by the beam (Ein/t d Lμ0) for different values of θ and t/L. (μ0: shear modulus,
t d L: volume of the beam, N: no snap-through)
θ and t/L 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.2
5 N N N N N N N N N N N
10 0 0 0 0 0 N N N N N N
15 0 0 0 0 0 0 0 0 0 0 0
20 7.6910 3 8.4610 3 0 0 0 0 0 0 0 0 0
25 1.5410 2 1.6510 2 1.7710 2 1.9210 2 2.1210 2 0 0 0 0 0 0
30 2.3810 2 2.7310 2 1.8810 2 3.2710 2 3.5010 2 3.8110 2 4.1510 2 0 0 0 0
35 3.3110 2 3.8810 2 4.5010 2 5.0410 2 5.5010 2 5.8810 2 6.2710 2 6.8110 2 7.3810 2 8.0410 2 0
40 4.3810 2 5.1910 2 6.0410 2 6.9210 2 7.7710 2 8.5010 2 9.1210 2 9.7310 2 1.0410 1 1.1210 1 1.2110 1
45 5.6910 2 6.6910 2 7.8110 2 9.0010 2 1.0210 1 1.1310 1 1.2410 1 1.3310 1 1.4110 1 1.5010 1 1.6210 1
50 7.1510 2 8.4210 2 9.8110 2 1.1310 1 1.2810 1 1.4410 1 1.5810 1 1.7110 1 1.8310 1 1.9510 1 2.0710 1
55 8.8110 2 1.0310 1 1.2010 1 1.2910 1 1.5810 1 1.7710 1 1.9510 1 2.1210 1 2.2710 1 2.4310 1 0
60 1.0610 1 1.2510 1 1.4510 1 1.6710 1 1.8910 1 2.1310 1 2.3610 1 2.5710 1 2.7510 1 2.9510 1 0
65 1.2710 1 1.4910 1 1.7210 1 1.9710 1 2.2510 1 2.5510 1 2.8310 1 3.0610 1 3.3110 1 3.5610 1 0
70 1.5210 1 1.7710 1 2.0310 1 2.3410 1 2.6710 1 3.0110 1 3.3310 1 3.6310 1 3.9510 1 4.2910 1 N
75 1.8210 1 2.1210 1 2.4410 1 2.8010 1 3.1910 1 N N N N N N
80 N N N N N N N N N N N
85 N N N N N N N N N N N
90 N N N N N N N N N N N
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Table F.2: Normalized energy cost for the beam to snap back to its undeformed conﬁguration (Eout/tLμ0) for different θ
and t/L values. (μ0: shear modulus, t d L: volume of the beam, N: no snap-through)
θ and t/L 0.1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.2
5 N N N N N N N N N N N
10 0 0 0 0 0 N N N N N N
15 0 0 0 0 0 0 0 0 0 0 0
20 2.6710 4 1.3510 4 0 0 0 0 0 0 0 0 0
25 1.2310 3 9.2210 4 5.6510 4 3.1010 4 4.5510 5 0 0 0 0 0 0
30 2.5210 3 2.4610 3 5.3810 3 1.4610 3 1.0910 3 6.7710 4 2.7410 4 0 0 0 0
35 3.3710 3 3.7110 3 3.8510 3 3.7310 3 3.1210 3 2.2310 3 1.6510 3 1.1610 3 5.0810 4 5.5810 5 0
40 3.8510 3 4.6210 3 5.0010 3 5.3810 3 5.0010 3 4.6210 3 3.8110 3 2.8510 3 2.1010 3 1.2810 3 3.2210 4
45 4.6210 3 5.3810 3 5.7710 3 6.1510 3 6.5410 3 5.7710 3 5.7710 3 4.6210 3 3.3310 3 2.4210 3 8.5310 4
50 6.1510 3 6.5410 3 6.9210 3 6.9210 3 6.9210 3 6.5410 3 6.1510 3 5.7710 3 4.2310 3 2.3010 3 1.5610 4
55 7.3110 3 8.0810 3 7.6910 3 7.3110 3 7.3110 3 7.3110 3 6.1510 3 5.7710 3 3.8510 3 1.7910 3 0
60 8.4610 3 8.4610 3 8.4610 3 8.4610 3 8.0810 3 8.0810 3 7.6910 3 5.7710 3 2.6710 3 5.7710 4 0
65 9.6210 3 8.8510 3 8.8510 3 8.4610 3 8.4610 3 9.2310 3 7.3110 3 5.3810 3 3.0810 3 4.3310 4 0
70 1.0410 2 1.0810 2 9.2310 3 1.0010 2 1.1210 2 7.6910 3 6.9210 3 5.0010 3 2.2310 3 5.7810 5 N
75 1.1510 2 1.0810 2 1.2710 2 1.2710 2 1.4210 2 N N N N N N
80 N N N N N N N N N N N
85 N N N N N N N N N N N
90 N N N N N N N N N N N
Figure F.9: A comparison of themechanical response of geometries as determined by simulation and by experiment.
All shaded and colored cells are predicted by simulation to be bistable. However, manufactured structures only show
unambiguous bistability for the region indicated in green. The region with green stripes includes some ambiguous re-
sponses (e.g., where a sample is initially bistable upon deformation, but eventually recovers its initial conﬁguration due
to time dependency of thematerial). The grey region consists of geometries that experimentally are not bistable but
are predicted to be bistable by simulation (notice the low energy barriers in this case, indicating that small defects are
enough to disrupt the expected bistability).
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F.3.2 Aগঊকঢজ঒জ ঘএ খঞকঝ঒জঝঊঋক঎ জঝছঞঌঝঞছ঎জ
The FE simulations of individual elastic tilted beams described above were also used to predict the
response of the multistable structures. In fact, the structure shown in Fig. 3a in the main text con-
sists of four rows of eight parallel tilted beams, with each of these rows arranged in series. Moreover,
the horizontal layers (in୮ୢlled with epoxy) are much sti୭fer than the beams, so that they behave as
rigid bodies and only the beams deform.
To predict the response of a multistable structure, we began by ୮ୢtting the numerically obtained
force-displacement curve of the corresponding individual beam with a polynomial. In particular,
for the structure shown in Fig. 3a in the main text we used the FE results obtained for a single beam
with θ = 40o and t=L = 0:12 and ୮ୢt the force-displacement curve with a polynomial of degree 10
(see Fig. F.10),
P(u) =0:0005u10   0:0133u9 + 0:1395u8   0:8079u7 + 2:8184u6   5:9982u5
+ 7:3955u4   4:2852u3   0:2205u2 + 1:2877u
(F.4)
Note that the polynomial above was obtained for a beam with L = 5:06 mm, out-of-plane thickness
d = 14:8 mm and shear modulus μ0 = 0:32 MPa.
Therefore, each beam in the multistable structure can be treated as a non-linear spring, whose
force-displacement behavior is given by Eq. (F.4). Moreover, each layer of beams consists of eight of
such non-linear springs in parallel, so that
Prow i(urow i) = 8P(urow i); i = 1; 2; 3; 4; (F.5)
where Prow i and urow i are the total force and the displacement of the i-th row of beams. Further-
more, each structure consists of four such layers arranged in series, so that equilibrium and compati-
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Figure F.10: Force-displacement curve for a tilted elastic beamwith θ = 40o, t=L = 0:12,L = 5:06mm, out-of-plane
thickness d = 14:8mmand shear modulus μ0 = 0:32MPa. Both the FE results (blue line) and the polynomial ﬁt (red
line) are shown.
bility require that
u =
4X
i=1
urow i; (F.6)
Prow 1(urow 1) = Prow 2(urow 2); (F.7)
Prow 2(urow 2) = Prow 3(urow 3); (F.8)
Prow 3(urow 3) = Prow 4(urow 4): (F.9)
The system of non-linear equations (F.6) is solved numerically for increasing values of the applied
displacement u using the trust-region-dogleg algorithm implemented inMatlab. Finally, to capture
the sequential, rather than simultaneous, collapse of the rows observed in the experiments (due to
imperfections), small perturbations were introduced into Eqns. (F.6). More speci୮ୢcally the terms
Prow i(urow i)were multiplied by a coe୭୮ୢcient close to 1.0 (i.e. we use αiProw i(urow i)with α1 =
0:94, α2 = 0:99, α3 = 1:02 and α4 = 1:04).
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